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1 O FUNCTIONS AND MODELS

1.1 Four Ways to Represent a Function

In exercises requiring estimations or approximations, your answers may vary slightly from the answers given here.

1. (a) The point (—1, —2) is on the graph of f,so f(—1) = —2.
(b) When x = 2, y is about 2.8, so f(2) ~ 2.8.
(c) f(z) = 2 is equivalenttoy = 2. Wheny = 2, wehavez = —3and z = 1.
(d) Reasonable estimates for z wheny = 0 are ¢ = —25and z = 0.3.

(e) The domain of f consists of all z-values on the graph of f. For this function, the domainis —3 < £ < 3, or
[—3, 3]. The range of f consists of all y-values on the graph of f. For this function, the range is—2<y<3,
or [-2,3].

(f) As x increases from —1 to 3, y increases from —2 to 3. Thus, f is increasing on the interval [—1,3].

. (a) The point (—4, —2) is on the graph of f, so f(—4) = —2. The point (3,4) is on the graph of g, so g(3) = 4.

(b) We are looking for the values of x for which the y-values are equal. The y-values for f and g are equal at the
points (—2, 1) and (2, 2), so the desired values of z are —2 and 2.

(c) f(z) = —1isequivalenttoy = —1. Wheny = —1, wehave z = -3 andz = 4.
(d) As z increases from 0 to 4, y decreases from 3 to —1. Thus, f is decreasing on the interval [0, 4].

(€) The domain of f consists of all z-values on the graph of f. For this function, the domain is —4 < z <4, or
[~4, 4]. The range of f consists of all y-values on the graph of f. For this function, the range is -2 < y <3,
or [-2,3].

(f) The domain of g is [—4, 3] and the range is (0.5, 4].

. From Figure 1 in the text, the lowest point occurs at about (t, a) = (12, —85). The highest point occurs at about
(17,115). Thus, the range of the vertical ground acceleration is —85 < & < 115. In Figure 11, the range of the
north-south acceleration is approximately —325 < @ < 485. 1n Figure 12, the range of the east-west acceleration is
approximately —210 < a < 200. '

. Example I: A car is driven at 60 mi/h for 2 hours. The distance d
traveled by the car is a function of the time ¢. The domain of the
function is {¢ | 0 < ¢ < 2}, where ¢ is measured in hours. The range

of the function is {d | 0 < d < 120}, where d is measured in miles.

2 timein
hours
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2 [0 CHAPTER1 FUNCTIONS AND MODELS

Example 2: At a certain university, the number of students N on
Number

campus at any time on a particular day is a function of the time ¢ after ;. .-

midnight. The domain of the function is {¢ | 0 < ¢t < 24}, where t is
measured in hours. The range of the function is {N |0 < N < k},

where &V is an integer and £ is the largest number of students on 0 6
\ (midnight)
campus at once.

Example 3: A certain employee is paid $8.00 per hour and works a
maximum of 30 hours per week. The number of hours worked is
rounded down to the nearest quarter of an hour, This employee’s
gross weekly pay P is a function of the number of hours worked h.
pm—

The domain of the function is [0, 30] and the range of the function is
{0,2.00,4.00, .., 238.00, 240.00}.

Gy

—— + —+
0.25 050 0.75 29502975 30 hours

. No, the curve is not the graph of a tunction because a vertical line intersects the curve more than once. Hence, the
curve fails the Vertical Line Test.

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [-2, 2] and the
range is [—1, 2].

. Yes, the curve is the graph of a function because it passes the Vertical Line Test. The domain is [—3, 2] and the
range is [—3, —2) U [—1, 3].

. Nu, the curve is not the graph of a function since for & = 0, £1, and £2, there are infinitely many points on the

curve.

. The person’s weight increased to about 160 pounds at age 20 and stayed fairly steady for 10 years. The person’s
weight dropped to about 120 pounds for the next 5 years, then increased rapidly to about 170 pounds. The next 30
years saw a gradual increase to 190 pounds. Possible reasons for the drop in weight at 30 years of age: diet,
exercise, health problems,

. The salesman travels away from home from 8 to 9 A.M. and is then stationary until 10:00. The salesman travels
farther away from 10 until noon. There is no change in his distance from home until 1:00, at which time the distance
from home decreases until 3:00. Then the distance starts increasing again, reaching the maximum distance away
trom home at 5:00. There is no change from 5 untit 6, and then the distance decreases rapidly until 7:00 P.M., at
which time the salesman reaches home.

. The water will cool down almost to freezing as the ice melts. Then,
when the ice has melted, the water will slowly warm up to room
temperature.
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SECTION 1.1 FOUR WAYS TO REPRESENT AFUNCTION L 3

12. The summer solstice (the longest day of the year) is around June 21,

and the winter solstice (the shortest day) is around December 22. Hours of
daylight

.Iunle 21 Dec. 22 ¢

13. Of course, this graph depends strongly on the geographical

location!

midnight

14. The temperature of the pie would increase rapidly, level off to
oven temperature, decrease rapidly, and then level off to room
temperature.

15. Height
of grass

Wed. Wed Wed ch WedI

(d) vertical
velocity
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1. (a) N {b) From the graph, we estimate the number of

cell-phone subscribers in Malaysia to be about 540
in 1994 and 1450 in 1996.

N

20001

1

1991 1993 1995 1997

1991 1993 1995 1997 ¢

(b) From the graph in part (a), we estimate the
temperature at 11:00 A.M, to be about 84.5°C.

0 2 4 6 & 1012 14 7
midnight noon
=3z —z+2
() —242=12-24+2=12
(=22 = (=2) +2=1242+2=16.
I oa+2
( —a)! —(—a)+2=3a2+a+2
+)=3a+1)P ~(a+1)+2=3(a’+2e+1)~a—-1+2=3a>+6a+3—a+1=3a2+5a+4.
2f(a)=2-f(a):2(302—a+2)=6a2—2a+4.
f(2a) = 3(2a)® — (2a) + 2 = 3(4a®) — 20 + 2 =12a% - 22 + 2.
f@®) =3(a*)? - (@) +2=3{a") —a? +2=3a* — % + 2.
[f(a))? = [3&2—0,—4-2] (3a* - a+2)(3a* —a+2)
=9a" — 3a® + 6a® — 3a® + @® - 2a + 6a® — 20+ 4 = 9a* — 6a® + 13a® — da + 4.
(a+h):3(a+h)2~(a+h)+2:3(a2+2ah+h2)—a—h+2=3&2+6ah+3h2—awh+2.

. A spherical balloon with radius  + 1 has volume V(r + 1) = &7 (r+1)°= 37(r® +3r® + 3r + 1). We wish to
find the amount of air needed to inflate the balloon from a radius of rto r + 1. Hence, we need to find the difference
Vir+1) = V(r)=3x(r* +3r* +3r +1) — dxr® = 3n(3r® + 3r + 1).

Cfl@) =z —z% 50
feHRY=2+h-(2+h)?>=24+h-(4+4h+R*) =24+ h—4—4h— %= —(h® + 3h+2),
flz+h)=a+h—(z+h)’ =ac+h— (22 +2zh + h®) =2+ h — 2° — 2ch — K®, and

fle+h)—flz) _z+h-a*-2ch-h* —z+2®° h-2zh-h* h(1—2z—h) -9k
h B h - h B h - ‘
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T 24+ h 24+ h z+h

_ 2 h = = N Y d
o R R ACRLL Bl gt pray zthe1 ™
fe+h) - fle) _ hai—za _ (@+R)Etl) -2@+ht]) 1

h h h(z+h+1)(z+1) T {z+h+1)(z+1)

flz+h) =

. f(z) = £/(3z — 1) is defined for all z except when 0 =3z -1 & = 3. 50 the domain is
(R e # 1} = (~00,3) U (3,0)

. fl2) = (5z +4) /(z® + 3z + 2) is defined for all « except when 0 = 2 +3242 & 0={z+2)(z+1)
& g=—2o0r—1,sothedomainis {z € R |z # —2,—1} = (—00, —2) U (-2, -1) U (~1, 00}.

. f(t) = Vi + ¥/t is defined when ¢ > 0. These values of ¢ give real number results for +/t, whereas any value of ¢

gives a real number result for ¥/2. The domain is {0, 00).

glu} = Vi + V& —uisdefined whenu > 0and4 —u >0 & <4 Thus, the domain is
0<u<a=[0,4].

. h(z) = 1 /V/z? — 5z is defined when 2~5z2>0 <« z(z—5) > 0. Note that z* — 5z # 0 since that
would result in division by zero. The expression z(z — 5) is positive if z < 0 or z > 5. (See Appendix A for
methods for solving inequalities.) Thus, the domain is {—o0, 0) U (5, 00).

 h(z) =vV4—z: Nowy=+v4—-2° = Y =4—2% & FF+y°=450
the graph is the top half of a circle of radius 2 with center at the origin. The domain
is {z|4-2*>0}={z|4>2"} = {c|2 > |z]} = [-2,2]. From the graph,

the range is 0 < y < 2, or [0, 2].

. f(z)} = 5 is defined for all real numbers, so the domain is R, or (—o0, o0).

The graph of f is a horizontal line with y-intercept 5.

. F(z) = 1(z+ 3) is defincd for all real numbers, so the domain is R, or

(—o00, 00). The graph of F is a line with z-intercept —3 and y-intercept s

. f(t} = t* — 6t is defined for all real numbers, so the domain is R, or
(—00, c0). The graph of f is a parabola opening upward since the
coefficient of ¢ is positive. To find the ¢-intercepts, let y == 0 and
solve fort. 0=1t> —6t =t(t ~6) = t=0andt=6.The
t-coordinate of the vertex is halfway between the ¢-intercepts, that is,

att = 3. Since f(3) = 3% — 63 = —9, the vertex is (3, - 9).
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41—t (2+8){2-1)
2-t 2-1¢

{t | t # 2}. So the graph of H is the same as the graph of the function
f(t) =t + 2 (aline) except for the hole at (2,4).

R.H(t) = ,s0fort # 2, H(t) = 2 + t. The domain is

. g{x) = vz — 5 is defined when  — 5 > 0 or £ > 5, so the domain is [5, 00).

Sincey=vz—-5 = y¥=z-5 = x=y2+5,weseethatgisthe
top half of a parabola.

2+ 1 if 2z4+120

~(2z+1) if2z+1<1
2z + 1 if z>—3

{-2a:-1 if z<—3

.F(m)=12x+u={

The domain is R, or (—oo, c0).

T if >0

. Since |z| = { . we have

Jz+ |z
.G(w}z—zl |

—r ifz<0

if >0

i _
z if >0 if x>0

3272 <o 2? if £<0

Jx+=x 4_.1;
z
T

ifz<O
T

Note that G is not defined for z = 0. The domain is {—oo, 0) U (0, o).

z| {a: if x>0

x) = — . Since |z} = , we have
9(@) z? 21 -z fz<0

= ife>0 1 eso
xr X

glz)=4 _ =
—-§$~ ifx<0 iifa:<(]
T -z

Note that g is not defined for £ = 0. The domain is (—oo, 0) U (0, oc).
@) T if z<0 3. /(2) 20 4+3 fz<-—1
. f(z) = . flz) =

z+1 ifz>0 J—z ifz>-1

Domain is R, or (—co, co). Domain is R, or (~o0, 00).
¥
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SECTION 1.1 FOUR WAYS TO REPRESENT AFUNCTION [T 7

9 if z< 1 -1 f z<-1
x+ it r< —
39.f(::)={ ) 8. f(z)={3x+2 if 1<z <]

x ifz>-1 .
T—2r ifz2>1

Note that for x = —1, both z + 2 and z are L.
Domain is R.

equal to 1. Domain is R.

Yo — i
r2 — I

. Recall that the slope m of a line between the two points (z1, y1) and (z2,y2) ism = and an equation of

- . —6-1 7
the line connecting those two points is y — y1 = m{x — x1). The slope of this line segment is m =-5 50

an equation is y — 1 = ~ 2 (z + 2). The function is f(z) = ~Ir-3,-2<z<4

—{-2 Lo L
. The slope of this line segment is g:ETZS; = g, so an equation isy + 2 = %(I + 3). The function is

f(:c):%:c—-lj,—3§$§6.
.Weneedtosolvethegivenequatior;fory. t+@y-1)7=0 & (y—1¥=-z & y-l=xy/-z &

y = 1 + /—z. The expression with the positive radical represents the top half of the parabola, and the one with the
negative radical represents the bottom half. Hence, we want f {x) = 1 — +/—x. Note that the domain is z < 0.

L(z-12 4+ =1 & y==/1-(z—1)2==xv2z — z2 The top half is given by the function
fx)=v2r -7, 0<z <2

. For —1 < z < 2, the graph is the line with slope 1 and y-intercept 1, that is, the line y = z + 1. For 2 <x <4,the
graph is the line with slope —% and z-intercept 4 [which corresponds to the point (4,0)], so

r+1 if ~1<zr<2

—%:ﬂ+6 if2<x<4

y—0=-3{x —4) = —3z + 6. So the function is f(z) = {

. For z < 0, the graph is the line y = 2. For 0 < z < 1, the graph is the line with slope —2 and y-intercept 2, that is,
the line y = —2x + 2. For = > 1, the graph is the line with slope 1 and z-intercept 1, that is, the line
2 if <0
y=1(z —1) =z — 1. Sothe functionis f(x} = { —2x+2 If 0<xr<1.
z—1 fl<zx

. Let the length and width of the rectangle be L and W. Then the perimeter is 2L + 2W = 20 and the area is

A = LW Solving the first equation for W in terms of L gives W = 20 —2 2L = 10 — L. Thus,

A(L) = L{10 — L) = 10L — L?. Since lengths are positive, the domain of 4 is 0 < L < 10. If we further restrict
L to be larger than W, then § < L < 10 would be the domain.

. Let the length and width of the rectangle be L and W. Then the area is LW = 16, so that W = 16/L. The
perimeter is P = 2L + 2W,so P(L) = 2L + 2(16/L) = 2L + 32/L, and the domain of P is L. > 0, since
lengths must be positive quantities. If we further restrict L to be larger than W, then L > 4 would be the domain.
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49. Let the length of a side of the equilateral triangle be x. Then by the Pythagorean Theorem, the height i of the

triangle satisfies y2 + (%z)z =z sothat y? = 2% — i:r:2 = %:cz and y = —Vé—gq:. Using the formula for the area A

of a triangle, A = 7 (base)(height), we obtain A(x) = 1(x) (—\’é—sz) = §$2’ with domain = > 0.

50. Let the volume of the cube be V and the length of an edge be L. Then V = L3 so L = V/V, and the surface area is
2
S(V)y=+6 (W) — 6273 with domain V > 0.

B1. Let each side of the base of the box have length z, and let the height of the box be h. Since the volume is 2, we
know that 2 = hx?, so that h = 2/3:2, and the surface area is § = z°? + 4zh. Thus,
S(x) = 2% + 4x(2/2%) = «% + (8/z), with domain z > 0.

2
52, The area of the window is A = zh + i7(32) *_rh+ %, where h is the height of the rectangular portion of the

window. The perimeteris P =2h + z + 37z =30 & 2h=30-x- 37z & h=21(60-2z—nz)
Thus,

2
60 -2z —mx 7wz 2 - 4)

Alz) ==z 1 +T:15$_%$ —§x2+%m2=15$~§aszf§x2=15sc—:c2( =

Since the lengths o and h must be positive quantities, we have x > 0and h > 0. For h > 0, we have 2h > 0 &

60
30—-5::—%7r:c>0 S 60>2r+mz < .'B<—.chce,thedomainofAisO<x<ﬂ—.
247 24w

53. The height of the box is ¢ and the length and width are L = 20 — 2z, W = 12 — 2x. Then V = LWz and so
V() = (20 — 22)(12 — 2z) (z) = 4(10 — 2)(6 — x)(z) = 4z(60 — 16z + £°) = 42° — 64z + 240z,
The sides L, W, and = must be positive. Thus, L. >0 < 20—-2x>0 & z<10;W >0 &
12-22>0 & o < 6; and £ > 0. Combining these restrictions gives us the domain 0 < z < 6.

5 ($2.00 if 0.0 <x <10

220 if 1.0 <z <11
240 if 11<x<12
260 if 1.2<z<13
280 if 1.3<a <14
{ 300 ifl4<z<15 —
320 if 15 <z <16
340 if 16<z<17
360 if 1.7 <z <18
380 if 1.8 <a <19
400 if 19 <z <20

O
o8
Ol
(% d
O
[+ ]
O
o
[o
o

85. (a)  R(%) (b) On $14,000, tax is assessed on $4000, and 10%($4000) = $400.
On $26,000, tax is assessed on $16,000, and

157
10%($10,000) + 15%($6000) = $1000 + $900 = $1900.

107

10,600 20.600 I (in dollars)
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(¢) As in part (b), there is $1000 tax assessed on $20,000 of T (in dollars) 4
income, so the graph of 7' is a line segment from {10,000, 0)
to {20,000, 1000). The tax on $30,000 is $2500, so the graph
of T for ¢ > 20,000 is the ray with initial point 10007
(20,000, 1000} that passes through (30,000, 2500).

25001

0] 10,000 20,000 30000 I (in dollars)

. One example is the amount paid for cable or telephone system repair in the home, usually measured to the nearest
quarter hour. Another example is the amount paid by a student in tuition fees, if the fees vary according to the
number of credits for which the student has registered.

. f is an odd function because its graph is symmetric about the origin. g is an even function because its graph is

symmetric with respect to the y-axis.

. f is not an even function since it is not symmetric with respect to the y-axis. f is not an odd function since it is not
symmetric about the origin. Hence, f is neither even nor odd. g is an even function because its graph is symmetric

with respect to the y-axis.
. (a) Because an even function is symmetric with respect to the y-axis, and the point (5, 3) is on the graph of this
even function, the point (—5, 3} must also be on its graph.

(b) Because an odd function is symmetric with respect to the origin, and the point (5, 3) is on the graph of this odd
function, the point (—5, —3) must also be on its graph.

. (a) If f is even, we get the rest of the graph by (b) If f is odd, we get the rest of the graph by

reflecting about the y-axis. rotating 180° about the crigin.
¥ ¥

f@)=x"%
1

f-2) = (~2)? ¥

= (—z) T2
— 27 = 1(2)

So f is an even function.
¥

. f(z) =22+ z,50 f(—x) = (—x)* + (~=) = 2 — . Since this is neither f(z) nor - f(z), the function f is

neither even nor odd.
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64 f(x) = z* — 42° 65. f(x) = 2* — .
f(=2) = (~a)* = 4(~2)" f=2) = (o) - (-} = —z*+
=z% —42% = f(z) =~ (2% —2) = - f(z)
So f is even. So f is odd,

66. f(z) = 3z% + 2z% + 1,50 f(~z) = 3(—x)% + 2(—2)® + 1 = —3z® + 222 + 1. Since this is neither f(z)
nor — f(x}, the function f is neither even nor odd.

1.2 Mathematical Models: A Catalog of Essential Functions

1. (a) f(z) = ¥z is a root function withn = 5.
(b) g(x) = v/1 — z? is an algebraic function because it is a root of a polynomial.

(¢) h{x) = =* + z* is a polynomial of degree 9.

2

(d) r(x) = a:3 I 1 is a rational function because it is a ratio of polynomials.
T x

(e) a(x) = tan 2z is a trigonometric function.

(f) t(x) = log,, = is a logarithmic function.

. (a} y = (z — 6)}/{x + 6) is a rational function because it is a ratio of polynomials.
byy=z+2° / vz — 1 is an algebraic fonction because it involves polynomials and roots of polynomials.
{c) y = 10% is an exponential function (notice that x is the exponent),

(d) y = 2 is a power function (notice that z is the base).
(e) y = 2t* + ' — 7 is a polynomial of degree 6.
(f) y = cos 8 + sin 8 is a trigonometric function.

. We notice from the figure that g and h are even functions (symmetric with respect to the y-axis) and that f is an odd
function (symmetric with respect to the origin). So (b) [y = 9:5] must be f. Since g is flatter than h near the origin,
we must have (c) [y = 2°] matched with g and (a) [y = z*] matched with .

. (a) The graph of y = 3z is a line (choice G).

(b} y = 3% is an exponential function (choice f}.
(¢) y = z° is an odd polynomial function or power function (choice F).

(d) y = ¥z = x'/? is a root function (choice g).
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_ b=3bh=0
5, (a) An equation for the family of linear

functions with slope 2 1s
y = f(z)} =2z + b, where bis the
y-intercept.

(b) f(2) = 1 means that the point (2, 1) is on the graph of f. We
can use the point-slope form of a line to obtain an equation

for the family of linear functions through the point (2, 1).

y — 1 = m(z — 2), which is equivalent to

y = mz + (1 — 2m) in slope-intercept form.

/

y—l=mix—2)

(c) To belong to both families, an equation must have slope m = 2, so the equation in part (b),
y = mz + (1 — 2m), becomes y = 2z — 3. 1t is the only function that belongs to both families.

6. All members of the family of linear functions f(x) =1+ m(z + 3)
have graphs that are lines passing through the point (-3, 1).

7. All members of the family of linear functions f(x) = ¢ — x have

graphs that are lines with slope —1. The y-intercept is c.

(b) The slope of —4 means that for each increase of 1 dollar fora .
rental space, the number of spaces rented decreases by 4. The
y-intercept of 200 is the number of spaces that would be
occupied if there were no charge for each space. The
z-intercept of 50 is the smallest rental fee that results in no

spaces rented,

10 20 30 40 50 60 *

© Brooks/Cole UK under business license to TT inc.




Intended for the sole personal use of the stipulated registered user only.

12 0 CHAPTER1 FUNGTIONS AND MODELS

9. (a) Fi (b) The slope of % means that F' increases % degrees for each
100212 increase of 1 °C. (Equivalently, F increases by 9 when C
F=3c+mn increases by 5 and F' decreases by 9 when C decreases by 5.)
The F-intercept of 32 is the Fahrenheit temperature

corresponding to a Celsius temperature of 0.

10. (a) Let d = distance traveled (in miles) and £ = time
elapsed (in hours). At¢ =0, d = 0 and at
t = 50 minutes = 50 - 55 = 2 h, d = 40. Thus we
have two points: (0,0) and (3, 40}, so

m =20 _S = 48 and so d = 48¢,

5

6
{¢) The slope is 48 and represents the car’s speed in mi/h.

T,-T, _ 80-70 _ 10 _1
Ny—Np 173-113 60 6
linear equationis T —80 = (N —173) & T—-80=3iN-12 & T=IN+3T [3 -5]116].

11. (a) Using & in place of x and T in place of y, we find the slope to be Soa

(b} The slope of % means that the temperature in Fahrenheit degrees increases one-sixth as rapidly as the number of
cricket chirps per minute. Said differently, each increase of 6 cricket chirps per minute corresponds to an
increase of 1°F.

{c) When N = 150, the temperature is given approximately by T = 2 (150) + 3 = 76.16 °F ~ 76 °F.

12. (a) Let x denote the number of chairs produced in one day and y the Y
associated cost. Using the points (100, 2200) and (300, 4800) we get 5000 1

the slope 15002200 — 2838 — 13 Sgy — 2200 = 13(z — 100) & 40007

¥ = 13z + 900. 1000 4

2000+
{b} The slope of the line in part (a) is 13 and it represents the cost {in

10001

dotlars) of producing each additional chair.

0

{c} The y-intercept is 900 and it represents the fixed daily costs of operating
the factory.

change in pressure  4.34
10 feet change in depth ~ 10
(d, P} = (0,15), we have the slope-intercept form of the line, P = 0.434d + 15.

13. (a) We are given = 0.434. Using P for pressure and d for depth with the point

(b) When P = 100, then 100 = 0.434d + 15 <« 0.434d =85 <& d = 532 ~ 195.85 feet. Thus, the
pressure is 100 Ibfin® at a depth of approximately 196 feet.
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14. (a) Using d in place of £ and C in place of y, we find the
slope to be

¥
1000:-
Co—Cy 460380 80 1

dz—d;  800-480 320 4
So a linear equation is €' — 460 = § (d — 800) < :/
C—-460=2d-200 & C=1d+260. | S
(b) Letting d — 1500 we get C' = £ (1500) + 260 = 635. 0 S0 1000 ¥
The cost of driving 1500 miles is $635. The slope of the line represents the

cost per mile, $0.25.
(d) The y-intercept represents the fixed cost, $260.

(e) A linear function gives a suitable mode! in this situation because you have fixed monthly costs such as insurance
and car payments, as well as costs that increase as you drive, such as gasoline, oil, and tires, and the cost of these
for each additional mile driven is a constant.

15. (a) The data appear to be periodic and a sine or cosine function would make the best model. A model of the form
f(z) = acos(bz) + c seems appropriate.

(b) The data appear to be decreasing in a linear fashion. A model of the form f(x) = mx + b seems appropriate.

16. (a) The data appear to be increasing exponentially. A model of the form f(z) = a - b* or f(z) = a - ™ + c seems
appropriate.

(b) The data appear to be decreasing similarly to the values of the reciprocal function. A model of the form
f(z) = a/x seems appropriate.

Some values are given to many decimal places. These are the results given by several computer algebra systems—rounding is left to thi
reader. '

17. (a) s (b) Using the points (4000, 14.1) and (60,000, 8.2), we obtain
B.2-14.1
—4l=c—(z — ivalentl
y §0.000 — 4000 (z — 4000) or, equivalently,

y == —0.000105357z + 14.521429.

0 * N . ‘ * 61,000

A linear model does seem appropriate.
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(c) Using a computing device, we obtain the least squares regression line y = —0.0000997855z + 13.950764.
The following commands and screens illustrate how to find the least squares regression line on a TI-83 Plus.
Enter the data into list one (L1) and list two (L.2). Press |STAT m to enter the editor.

Lz L

L1 ={48608, 6006, 8... Lzom =

Find the regession line and store it in Y;. Press [2nd][QUIT][STAT]|[»] {4] [VARS] ][1][1]{ENTER].

LinRed{ax+b) Y18 |LinReg ADEY Plotz Plots
d=ax+bh

a=-9.978546E -5
b=13. 95876488

Note from the last figure that the regression line has been stored in Yy and that Plot] has been tummed on (Plot] is
highlighted). You can turn on Plotl from the Y= menu by placing the cursor on Plot] and pressing |[ENTER| or
by pressing [2nd]|[STAT PLOT][1][ENTERI.

Plotz Flotz
EHE!DE;HH of¢
lemt L2 @ ure! B 2 dm
2:Plot2.0ff Hie h |~

lesm L1 Lz o
SiPlot3 . 0ff
L L1 Lz o
44PlotsOff

Now press [ZOOMI{8] to produce a graph of the data and the regression line. Note that choice 9 of the ZOOM
menu automatically selects a window that displays all of the data.

{d) When & = 25,000, y = 11.456; or about 11.5 per 100 population,
(e) When z = 80,000, y = 5.968; or about a 6% chance.

(f) When z = 200,000, y is negative, so the model does not apply.
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18. (a) i .
( 230 (chirps/min) 270 {chirps/min)

45 = . . . = " 105 (°F)
0

Using a computing device, we obtain the least squares

regression line y = 4.856x — 220.96.

{c) When z = 100° F, y = 264.7 = 265 chirps/min.

18.@ s (b)

. . 1896 2000
189610 S 0 (year)

A linear model does seem appropriate. Using a computing device, we obtain the least squares
regression line y = 0.089119747x — 158.2403249, where
z 18 the year and y is the height in feet.

(c) When z = 2000, the model gives y ~ 20.00 ft. Note that the actual winning height for the 2000 Olympics is
less than the winning height for 1996—so much for that prediction.

(d) When z = 2100, y = 28.91 ft. This would be an increase of 9.49 ft from 1996 to 2100. Even though there was
an increase of 8.59 ft from 1900 to 1996, it is unlikely that a similar increase will occur over the next 100 years.

610 Cost (in $)

. By looking at the scatter plot of the data, we rule out

the linear and logarithmic models.

(Reduction %)
Scatter plot

We try various models:
Quadratic: y = 0.49622 — 62.2803x + 1970.639

Cubic: y = 0.0201243201z° — 3.8803729627 + 247.6754468z — 5163.935198

Quartic: y = 0.0002051049z* — 0.0654560995z> + 5.275256412% — 180.226651 1z + 2203.210956
Exponential:  y = 2.41422994 (1.054516914)"

Power: y = 0.0000228549713 616078251
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610 Cost {in $) 610 Cost (in §) 610 Cost (in 8)

100 45 100 45 i’ 100

(Reduction %) © (Redugtion %) U . {Reduction %)
Quadratic model Cubic model Quartic model

610 Cost(in$) 610_Cost {in $) After examining the graphs of these

models, we see that the cubic and
quartic models are clearly the best.

100 45 100

. (Reduction %) U {Reduction %)
Exponential model Power model

6300 (millions) Using a computing device, we obtain the cubic

function y = az® + bx® + cx + d with

a = 0.0012937, b = —7.06142, c = 12,823,
and d = —7,743,770. When z = 1925,

y = 1914 (million).

1890O 2010 (year)

2. (a) T = 1.0003960484" 499961718

(b) The power model in part (a) is approximately T = d'*®. Squaring both sides gives us 72 = d?, so the model
matches Kepler’s Third Law, T2 = kd®,

1.3 New Functions from Old Functions

1. (a) If the graph of f is shifted 3 units upward, its equation becomes ¥ = f(z) + 3.
(b) If the graph of f is shifted 3 units downward, its equation becomes y = f({z) — 3.
(c) If the graph of f is shifted 3 units to the right, its equation becomes y = f(z — 3).
(d) If the graph of f is shifted 3 units to the left, its equation becomes y = f(z + 3).
(e) If the graph of f is reflected about the z-axis, its equation becomes y = — f{z).
(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—z).

{(g) If the graph of f is stretched vertically by a factor of 3, its equation becomes ¥ = 3 f(z).

(h) If the graph of f is shrunk vertically by a factor of 3, its equation becomes y = %f(a:)

. (a) To obtain the graph of y = 5 f(x) from the graph of y = f{), stretch the graph vertically by a factor of 5.
{b) To obtain the graph of y = f(x — 5} from the graph of y = f(z), shift the graph 5 units to the right.
{c) To obtain the graph of y = — f(x) from the graph of y = f(x), reflect the graph about the z-axis.
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(d) To obtain the graph of y = —5F(z) from the graph of y = f{z), stretch the graph vertically by a factor of 5 and
refiect it about the z-axis.

(e) To obtain the graph of y = f(5z) from the graph of y = f(x), shrink the graph horizontally by a factor of 5.

(f) To obtain the graph of y = 5f{x} - 3 from the graph of y = f(z), stretch the graph vertically by a factor of 5
and shift it 3 units downward.

. (a) (graph 3) The graph of f is shifted 4 units to the right and has equation y = flz—4).
(b) (graph 1) The graph of f is shifted 3 units upward and has equation y = flz)+3.
(c) (graph 4) The graph of f is shrunk vertically by a factor of 3 and has equation y = 3 flz).

(d) (graph 5) The graph of f is shifted 4 units to the left and refiected about the z-axis. Its equation is
y=—f(z +4).

(e) (graph 2) The graph of f is shifted 6 units to the left and stretched vertically by a factor of 2. Its equation is
y=2f(z +6).

. (2) To graph y = f{x + 4) we shift the graph (b) To graph y = f{x) + 4 we shift the graph of f,
of f, 4 units to the left, 4 units upward.

M

4] x

The point (2, 1) on the graph of f The point (2, 1) on the graph of f corresponds to

corresponds to the point the point (2,1 + 4) = (2, 5).
(2-4,1)=(-2,1).

(c) To graph y = 2f () we stretch the graph of {d) To graph y = —% {(z) + 3, we shrink the graph of
f vertically by a factor of 2. f vertically by a factor of 2, then refiect the
resulting graph about the z-axis, then shift the
resulting graph 3 units upward.
y

L

The point (2, 1) on the graph of f The point (2, 1) on the graph of f corresponds to
corresponds to the point (2,2-1) = (2,2). the point (2, —% - 1+ 3) = (2,2.5).
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5. (2) To graph y = f{(2x) we shrink the graph of f

horizontally by a factor of 2.

The point (4, —1) on the graph of f corresponds

(b) To graph y = f(3z) we stretch the graph of f

horizontally by a factor of 2.

to the point (2 - 4, —1) = (8, —1).
The point (4, —1) on the graph of f corresponds

to the point (% -4, 1) = (2, ~1).
(c) To graph ¥ = f(—z) we reflect the graph of f (d) To graph y = — f{—=z) we reflect the graph of f
about the y-axis. about the y-axis, then about the z-axis,

The point (4, —1) on the graph of f corresponds
to the point (—1- 4, —1) = (=4, —1). The point (4, —1} on the graph of f corresponds
to the point (—1-4,-1--1) = {—4,1).

6. The graph of y = f(z) = v/3x — &2 has been shifted 2 units to the right and stretched vertically by a factor of 2.
Thus, a function describing the graph is
y=2f(z-2) =23z —2) - (z - 2)2
=23z —6— (g2 —dz+4) = 2v/—22 + Tz — 10

1. The graph of y = f(z) = +/3z — z? has been shifted 4 units to the left, reflected about the z-axis, and shifted
downward 1 unit. Thus, a function describing the graph is
y=—-1. f(z+4) -1

reflect shift  shift

about 4 units 1 unit
T-axis left  down

This function can be written as

y=—flz+4)—1=-3z+4) - (z+4)2 - 1=—/3c+12— (22 +8zc + 16) — 1

=—V—zZ-bz—4-1
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8. (a) The graph of y = 2sin z can be obtained from the graph of (b) The graph of y = 1 + \/x can be
y = sin by stretching it vertically by a factor of 2. obtained from the graph of y = /T by
¥4 shifting it upward 1 unit.
2 +

9. y = —z”: Start with the graph of y = = and reflect about the z-axis. Note: Reflecting about the y-axis gives the

same result since substituting —x for © gives us i = (—z) = —2°.

y

10.y=1-z°= —2% + 1; Start with the graph of y = &, reflect about the z-axis, and then shift 1 unit upward.

¥ ¥

N

11. y = (z + 1)*: Start with the graph of y = z* and shift 1 unit to the left.

¥ ¥
/1
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12 y=2> -4z +3=(z? -4z +4) — 1 = (z — 2)* — 1: Start with the graph of y = =, shift 2 units to the right,

and then shift 1 vnit downward.

Al S

y=x y=ix=2y y=(—=2P-1

13. y = 1 + 2 cosx: Start with the graph of y = cos z, stretch vertically by a factor of 2, and then shift 1 unit vpward.
¥ ¥

\/L‘\ﬂ/' \/2\7/ \/\W/_
S N * \/0\/1 NSNS o

y=C08 X y=2cosx y=2cosx + 1

14, 1 = 4 sin 3z: Start with the graph of y = sin z, compress horizontaily by a factor of 3, and then stretch vertically
by a factor of 4.

y=sinx Y} y=4sin3x i

N
7

15. y = sin(z/2): Start with the graph of ¥ = sin z and stretch horizontally by a factor of 2.

¥ ¥
vy =sin{x/2)

0 X

16. y = 1/(z — 4): Start with the graph of y = 1/z and shift 4 units to the right.

=4

=1
y x—4

0
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17. y = VT + 3: Start with the graph of y = /z and shift 3 units to the left.

o=k Hoy=ats
/”/”f—

18. y = (z + 2)* + 3: Start with the graph of y = z*, shift 2 units to the left, and then shift 3 units upward.

)\

y=x y=x+2"* y=(x+2)'+3

y

¥ Y19

-2

19. y = 1(2? +8z) = 3(¢” + Bz + 16) -8 = ez + 4)? — 8: Start with the graph of y = z*, compress vertically by

a factor of 2, shift 4 units to the left, and then shift 8 units downward.
v y ¥

0
1-8

y=x y=72 y=3x+ 42 y=4lx+47-8

20. y = 1+ Yz - 1: Start with the graph of y = &, shift 1 unit to the right, and then shift 1 unit upward.
¥ ¥ ¥

s R |

0 x 0///1 x
T y=1+¥x—-1

21, y = 2/(x + 1): Start with the graph of y = 1/, shift 1 unit to the left, and then stretch vertically by a factor of 2.
y

¥4 \ \\
==

Y=T13

1
x+1 x=-—1i
*
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22. y = % tan(z - %): Start with the graph of y = tan z, shift 5 units to the right, and then compress vertically by a

factor of 4.

' y=tan{x—J)

m

F=F x=

23. y = |sinz|: Start with the graph of y = sin x and reflect all the parts of the graph below the z-axis about the z-axis.

¥
y=|sinx|

0 s x

2. y=|z® - 22| =|2? -~ 20+ 1 - 1| = {(z — 1)* — 1|: Start with the graph of y = ?, shift 1 unit righ, shift

1 unit downward, and reflect the portion of the graph below the z-axis about the x-axis.

1 x

y=lix—1¥~1|

25. This is just like the solution to Example 4 except the amplitude of the curve (the 30°N curve in Figure 9 on June 21)

is 14 — 12 = 2. So the function is L(¢) = 12 + 2sin[ 2% (¢ — 80)]. March 31 is the 90th day of the year, so the

model gives L{90) == 12.34 h. The daylight time (5:51 A.M. to 6:18 P.M.) is 12 hours and 27 minutes, or 12.45 h.
The model value differs from the actual value by 1243=1234 ~ 0,009, less than 1%.

26. Using a sine function to model the brightness of Delta Cephei as a function of time, we take its period to be
5.4 days, its amplitude to be 0.35 (on the scale of magnitude), and its average magnitude to be 4.0. If we take t = 0

at a time of average brightness, then the magnitude (brightness) as a function of time ¢ in days can be modeled by
the formula M (t) = 4.0 + 0.35 sin(%t).

21. (a) To obtain y = f(|x|), the portion of the graph of y = f(z) to the right of the y-axis is reflected about the

y-axis.
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(b) y = sin |z| , ©y=+Izl

N A

\/Ol N =

. The most important features of the given graph are the z-intercepts and the
maximum and minimum points. The graph of y = 1 / f(x) has vertical asymptotes

at the z-values where there are z-intercepts on the graph of y = f(z). The

maximum of 1 on the graph of y = f(z) corresponds to a minimum of 1/1 = 1 on
y = 1/f(x). Similarly, the minimum on the graph of y = f(x} corresponds to a
maximum on the graph of 3 = 1 / f(z). As the values of y get large (positively or

negatively) on the graph of 3 = f(z), the values of y get close to zero on the graph

ofy=1/f(z).

.
A
i
i
'
'
'
i
'
'
'
\.
'
:
'
|
i
'
v
'
'
b

. Assuming that successive horizontal and vertical gridlines are a unit apart, we can make a table of approximate

values as follows,

Connecting the points (x, f(z) + g(z)) with a smooth curve gives an approximation to the graph of f + g. Extra

points can be plotted between those listed above if necessary.

. First note that the domain of f + g is the intersection of the domains of f and g; thatis, f + g is only defined where
both f and g are defined. Taking the horizontal and vertical units of length to be the distances between successive

vertical and horizontal gridlines, we can make a table of approximate values as follows:

Y
z
f(z) : . . . . . /'\

flz) + g(z)

Extra values of z (like the value 2.5 in the table above) can be added as needed.
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3t f(;u:):zr3+2:n2'g(a:)—3x2—1. D = R for both f and g.
+g)(z) = (2 +22%)+ 3z* - 1) =23+ 522~ 1, D=R.

( )= +22%) - 32 - 1)=2-2*+1, D=R

(fg)(x) = (¥ + 22H)(3z? — 1) = 3z° + 62 — 2% — 22°, D=R.

(g)(m)z I3I:_—_2$1, D= {:r|:r7é:t%} since 3z2 — 1 # 0.

) y=+1+z, D=[-1,0); g{z)=+1—2, D=(-001].
(f+g} =v1+z++1-u, Dz(—oo 1]N[-1,00) = [-1,1].
(fg)a:) vi+r—+v1-—z —1,1].
fg):c):\/l+a:-\/1—a:=\/l—$2, D =[-1,1].
___\,l-i-a:‘ D=
-

1,1}, We must exclude < = 1 since it would make ! undefined.
[

. glz)=1/z

ftg
W f
‘ s

X8

X

L
i
L

. f(z) = 22® — x; g(z) = 32 + 2. D = R for both f and g, and hence for their composites.
(fog)z) = flg(z)) = f(3z+2) =23z +2)% — (32 +2) = 2(%2? + 12z + 4) — 3z — 2 = 182 + 21z + 6.
(go fi(z) =g(flx)) =922 —2) =32z —x)+ 2 =62 - 32+ 2.
(fofiz) = f(f(z)) = f(22% —z) = 2(22° —x)° — (22° — ) = 2(4x* —4r® + 2?) — 227 4z = 82* — 82 + 2.
(g0 g)(z) = glg(z)) = g3z +2) =3Bz +2) +2 =92 +6+2 =9z + 8,

 flz)=1-2% D =R;g(z) =1/z,D = {x | z # 0}.
(fog)(x) = flo(z)) = f(1/z) =1~ (1/z)* =1~ 1/2", D = {z |z # 0}
(9o () =g(f(z)) =g(1-2°) =1/(1-2°), D={z|1-2" #0} = {z |z # 1}.
(fofie)=f{flz)) = f1-2")=1-(1~ m"’)"’ [=2” —3z° +32°), D=R.
(gog)(z) = g(g(x)) = g(1/z) =1/(1/z) = &, D = {z | = # 0} because 0 is not in the domain of g.
. flz) =sinz, D=R; g{z)=1—x, D=[0,00).
(fog)lz} = flglz)) = F(1 — vz) =sin(1 - /z), D = [0, 00).

(go filz) = g(f(x)) = g(sinz) = 1 — vsinzx. For /sinz to be defined, we must have
sinz >0 & z¢ 0,7 U[2r, 37 U[-2m, —x) U [4mr,brj U [—47, —=37]U ..., s0

= {z | = € [2nw, ® + 2nx], where n is an integer}.
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(f o f)X{z) = f(f(z)) = f(sinz) =sin(sinz), D =R.

(g0 9)(z) = glg(x)) = g(l - vx) = 1 = /1 -/,
D={z>0]1-vz2>0}={z20|1>Z}={z>20]|yz<1}=[0,1]

 flz)=1-3z, D=R; g(z)=5z"+3z+2 D=R
(fog)z) = f(g(z)) = f(52° + 3z +2) =1—3(52° + 3z + 2)
=1-1502 -9z —6=—152" -9z -5, D=R
(go f)(z) = g (f(x)) = g(1 — 3z) = 5(1 — 3z)* +3(1— 3x) + 2 = 5(1 — 6z + 92”) +3 - 9z + 2
=5 — 30z + 452° ~ 9z + 5 = 45z° - 39z + 10, D =R
(fofXz)=f(fz))=f(1-3)=1-3(1-3r)=1-3+9z=% -2, D=R
(go g)lzx) = g(g(z)) = g(5z* +32+2) =562 +3x+2) +3(52% + 3z + 2) + 2
= 5(25z* + 302> + 2927 + 12z + 4) + 152° + 9z + 6+ 2
== 12527 + 15023 + 14522 4 60z + 20 + 152° + 9 + 8
= 125z* + 15023 + 160z° + 69z + 28, D=R.

z+1

o D={z|z# -2}

@)=z +5, D={z]z#0) g()=

T+ 2 "m+2+?=x+‘2+z+1

a:+1)_:::+1 1 z+1  z42
+2

(fog)(x) = Flola)) = f(

@D+ )+ +@+2) @+ + (e +x+d) 2’460 +5

{z+2)(z+1) B (z+2)(z+1) T (z+2)(z+1)
Since g(z) is not defined for = ~2 and f(g(z)) is not defined for z = —2 and z = —1, the domain of (f © g){x)
isD={zix#-2-1}

P+l+4z \ ;
(9°f)(I):g(f(sc))=g($+%) E : )+l T +r+1l 4z +1

2 ZPfl+2e o+2+1 (3 +1)
x
Since f(z) is not defined for x = 0 and g{ f(x)) is not defined for z = —1, the domain of (g o f)(z) is

D={z|z+#-1,0}.

(fof)(x)=f(f(z))=f(m+§) =(I+5:1—)+—1~—-—sc+ 1, L

$+; T -—‘I’—z !
e +1} +1(2?+ 1) +z(z) '+ +2+1+2°
z(z2 4+ 1) B z(z? 4+ 1)

4 2
r+3z"+1 .
PSSR D={z{z #0}.

z+2 I+1+$+2_2I+3

g 2RI o 1+20+4 C 3z+5

$+1) ‘I%'Fl z+1+1(x+2)

(999)@) = sla(e) = o ( £

Since g(z) is not defined for z = —2 and g(g(z)) is not defined for z = ~2, the domain of (g o g) (z) is
D={z|z+#~2-%}
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£)=v2z+3, D={z|z>-%}; gz)=2>+1, D=R
(fog)( =f(r®+1)=+/2(x2+1)+3=+v2s2+5, D=R
(go f)(z) =g (\/2:5+3)W(\/2:1:+3)2+1-—(21:+3) 1=2c+4, D—{:r|$>——
(fo f)(a) = f(V2TF3 \/—m-\/-T D={zlz>-
(gog)(z) =g(z®+ 1) = (z?+ 1) +1=(z"+22 + 1)+ 1 =2" + 22" +2, D=R
(fogoh)(z) = fg(h(z))) = fg(z — 1)) = f(2(z - 1))
=2z —1)+1=2r-1
. (fogoh)(z) = flg(h(z))) = flg(l —z)) = f((1 - 2)*)
=201 -z -1=22" -4z +1
. (fogoh)(z) = flg(h(z))) = flglz +3)) = f((z+3)* +2)

= fz? +6z+11) = /(x2 + 6z + 11) — 1 = /2 + 6z + 10

 (fogon)(@) = (9(h®) = f(g(vZT3)) = f(cos /TT3) = — ﬁzl— T

. Let g(z) = 22 + 1 and f(x) = ='°. Then (f 0 g)(z) = f(g(z)) = (2® + 1)!® = F(x).
. Let g(x) = /z and f(x) = sinz. Then (f o ¢)(z) = f(g(z)) = sin(z) = F(z).

1_2

z?2+4
. Let g(z) = x + 3 and f(z) = 1/x. Then (f o g}{z) = f{g(z)) = 1/(z + 3) = G(z}.
. Let g(t) = cost and f(t) = +/t. Then (f o g)(t) = f(g(t)) = Vcost = u(t).

= uft).

= G(z).

. Let g(x) = 2% and f(x) = E—L Then (f o g)(z) = f(g(z)) =

tant

 Let g(t) = tant and f(t) = ——. Then (f o )(t) = f(g(t)) = i

1+1¢

. Let h{z) = 2%, g(z) = 3°,and f(x} = 1 — 2. Then (fogo h)(z) =1 -3 = H(z).
. Leth(z) = /7, g(z) =z —1,and f(z) = ¥z. Then (fogo h)(z) = Yz —1=H(z
. Let h(z) = /7, g(z) = secx, and f(z) = z*. Then (f o g o k){z) = (sec T )" =sec? (T) = H(z).
. (2) f(g(l)) = f(6 ) =35 (b) g(f(1)) = g(3) =2

© f(f)) =f(3) =4 (d) g(g(1)) = 9(6) =3

(e) (go £)(3) = g(f(3)) = g(4) = 1 () (f 0 g)(6) = f(9(6)) = f3) =4
. {a) g(2) = 5, because the point (2, 5) is on the graph of g. Thus, f(g(2)) = f(5) = 4, because the point (5, 4) is

on the graph of f.
(b) 9(f(0)) = g(0) =3
(©) (fog)(0) = f(g(0)) = f(3) =

(d) (g o £)(6) = g(f(6)) = g(6). This value is not defined, because there is no point on the graph of g that has
z-coordinate 6.

(e) (g0 g)(—2) = g(g(-2)) = g(1) =4
() (fo fY(4) = f(f(4)} = f(2) = -2
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56. To find a particular value of f(g{z)), say for z = 0, we note from the graph that g(0) ~ 2.8 and f(2.8) = —0.5.
Thus, f(g (0)) = f(2.8) = —0.5. The other values listed in the table were obtained in a similar fashion.

g(z) | flg(z)) z | g(x) | flg(=z))
-0.2 | -4 28 | —0.5
12| -33 22 | -1.7
22 | —1.7 1.2 | -3.3
2.8 | —0.5 -0.2 | -4
3 | —02 ~19 | -22
—41] 19

57. (a) Using the relationship distance = rate - time with the radius r as the distance, we have r{t) = 60t.

) A=nr? = (Aor)(t) = A(r(t)) = m(60t)* = 3600m¢>. This formula gives us the extent of the rippled
area (in cm?) at any time t.

B8. () d=rt = d(t) =350t

(b) There is a Pythagorean relationship involving the legs with lengths d and 1 and the hypotenuse with length s:
d* + 1% = s* Thus, s{d) = vVd? + 1.

(© (s 0d)(t) = s(d(t)) = s(350t) = \/(3500) + L

59. (a) (e}

Vo) 0 ift<0 V(1) = 120H(
£y = soV(t) =120 .
120 if t>0 )

Starting with the formula in part (b), we replace 120 with 240 to reflect the
different voltage. Also, because we are starting 5 units to the right of ¢ = 0, we
replace ¢ with ¢ - 5. Thus, the formula is V' (t) = 240H(t - 5).

2t f 0<t <60

0 ift<0 0 if t<7
80. (2) R(t) = tH(t) (b) V(1) = { © V()= {

A4(t—7) IfF7<t<32

0 ift<0
= >0 so V(t) = 2tH(t), t < 60. soV(t) =4t - T)H{E - T7),t < 32.
mt.=2

v
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. (a) By examining the variable terms in g and h, we deduce that we must square g to get the terms 4x* and 4z in h.
Ifwelet f(z) = z° +c.then (fog)(z) = fg(z)) = fRx + 1) = 2z + 1)* + c=4z* + 4z + (1 + o).
Since h(z) = 42% + 4z + 7, we musthave 1 + ¢ == 7. Soc = 6 and f(z) = 2* + 6.

{(b) We need a function g so that f{g{z)) = 3{g(z)) + 5 = h(x). But
h(z) = 3z% + 324+ 2=3(z® + z) +2 = 3(z” + = — 1) + 5, s0 we see that g(z) =zf+z-1

. We need a function g so that g(f(z)) = g(z + 4) = h(x) = 4o — 1 = 4(z + 4) — 17. So we see that the function
g must be g{z) = 4z — 17.

. We need to examine h(—x).

h{(—z) = (fog)(—z) = f(g(~7)) = f(g(z)) [because giseven] = h(z)
Because h{—x) = h{z), h is an even function.

. h{—z) = f(g(—x)) = f(—g(z)). At this point, we can’t simplify the expression, so we might try to find a
counterexample to show that k is not an odd function. Let g(z) = z, an odd function, and f(z) = z* + z. Then
h(z) = z* + x, which is neither even nor odd.

Now suppose f is an odd function. Then f{—g(z)} = — f(¢(z)) = —h(z). Hence, h(—z) = —h(x), and so
h is odd if both f and g are odd.
Now suppose f is an even function. Then f{—g{z))} = f(g(z}) = h{z). Hence, h(—x) = h(z), and so h is

even if g is odd and f is even.

1.4 Graphing Calculators and Computers

1 flz) =a" +2
{a) [—2,2] by [-2,2] [0, 4] by [0, 4] [—4, 4] by [-4,4]

4

(d) [~8,8] by [—4, 40] (€)  [—40,40] by [—80,800]

40 800

The most appropriate graph is

produced in viewing rectangle (d).
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2 fx)=2*+Tx+6

(a) (—5,5] by [~5,5] (b) [0, 10] by [-20, 100]
5 100

|
v

~20

©  [—15,8] by [~20,100] @  [-10,3] by [-100,20]
100 20

S,

T——

The most appropriate graph is produced in viewing rectangle (c).

3. f(x) =10+ 25z —2°

(a) (—4, 4] by [—4,4] (b) [—10, 10] by [~10, 10]
10

{ | |

-10

-4

() [-20,20] by [~100,100] (d)  [~100,100] by [-200,200]
200

S b
{ t |

The most appropriate graph is produced in viewing rectangle (¢) because the maximum and minimum points are

fairly easy to see and estimate.
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4, f(x) = vBx - 22

(a) [—4,4] by [—4, 4] [—5, 5] by [0, 100]
100

(c) [—10, 10] by {—10,40] [=2,10] by [~2, 6]
40 6

The most appropriate graph is produced in viewing rectangle (d).

5. Since the graph of f(x) = 5 + 20x — 2% isa 6. An appropriate viewing rectangle for

parabola opening downward, an appropriate f(z) = ¥ + 302* + 200z should include the
viewing rectangle should include the maximum

high and low points.

iV
[

point,

1. f(z) = 0.01z® — z* + 5. Graphing f in a standard viewing
rectangle, [—10, 10] by [—10, 10], shows us what appears to be a

parabola. But since this is a cubic polynomial, we know that a

larger viewing rectangle will reveal a minimum point as well as

the maximum point. After some trial and error, we choose the

viewing rectangle [—50, 150] by [—2000, 2000].
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/.

8 f(z) =x(z+6)(z—9)

9. f(z) = V8l — z? is defined when 10. f(z) = +/0.1z + 20 is defined when

8l—z'>0 & z°<8l « |z[<3 50 0.1z +20>0 <« g > —200,so the domain
the domain of f is [~3, 3]. Also of f is [-200, c0).
0 < ¥/81 — 2% < /81 = 3, 50 the range is [0, 3).

4

. The graph of f(z) = z° + (100/z) has a 12. The graph of f(z) = z/{(z* + 100} is
vertical asymptote of £ = 0. As you zoom symmetric with respect to the origin,

out, the graph of f looks more and more like o1

that of y = z°. {
50

13. f(z) = cos (100x) 14, f(z) = 3sin(120x)
. 4
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15 f(x) = sin(x/40) 16. f{z) = tan(25z)

. A
_M [

N
/|

1.5

17. y= 30:05(:1:2)

I/

4
0

18. y = 2 + 0.02 sin(50x)

N

19. We must solve the given equation for y to obtain equations

4

05

for the upper and tower halves of the ellipse.

1— 4z

i+ 2yt =1 & 2 =1-4z2 & = 5

1—4z?

S
y 2

2 4 -9x2=1 & P’=149 & y=24v1+ 822
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21. From the graph of f(z) = z* — 9z% — 4, we sec that there is

one solution of the equation f(z) = 0 and it is slightly larger
than ¢. By zooming in or using a root or zero feature, we

obtain x ~ 9.05,

. We see that the graphs of f(z) = z° and g(z) = 4z — 1 10

intersect three times. The z-coordinates of these points / ]
(which are the solutions of the equation) are approximately —

—2.11,0.25, and 1.86. Alternatively, we could find these

values by finding the zeros of h(z) = z° — 4z + 1.

-12

r
1
1

. We see that the graphs of f(z) = z° and g(z) = sinz

intersect twice. One solution is £ = 0. The other solution of
f = g is the z-coordinate of the point of intersection in the

N

first quadrant. Using an intersect feature or zooming in, we

find this value to be approximately 0.88. Alternatively, we

]
Y

could find that value by finding the positive zero of

-1
h(z) = z* — sinz.

Note: After producing the graph on a TI-83 Plus, we can find the approximate value 0.88 by using the following
keystrokes: |2nd CAL(—Z] IEJ [ENTE RJ |ENTERJ 1 |ENTERJ. The “1” is just a guess for 0.88,

The z-coordinates of the three points of
j intersection are £ ~ —3.29, —2.36 and 1.20.

{b) Using trial and error, we find that m =2 0.3365. Note that m could also be negative.

. g{) = z2/10is larger than f(z) = 10z* 26. f(z) = «* — 100z is larger than g(z) = z*

whenever z > 100. whenever = > 101.

300,000 2,000,000

S
L\

—1,000,000
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27. 0.13 We see from the graphs of y = [sinz — ] and y = 0.1 that there are two

I\ sofutions to the equation |sinx — z| = 0.1: £ = —0.85 and z =~ 0.85.

The condition [sinz — | < 0.1 holds for any x lying between these two

values.

P(x) = 32° — 52° + 2z,

Q(z) = 3z°. These graphs are
significantly different only in the

region close to the origin. The larger a

viewing rectangle one chooses, the

more similar the two graphs look.

29. (a) The root functions y = /T, (b) The root functions y = =, (¢) The root functions ¥ = /T,
y= YTandy= &z y= Yrandy = &7 y=¥r,y=Yrandy= ¥z

3

For any n, the nth root of 0 is 0 and the nth root of 1 is 1; that is, all nth root functions pass through the
points {0, 0) and {1, 1),

For odd 7, the domain of the nth root function is R, while foreven n, itis {z € R | z > 0}.

Graphs of even root functions look similar to that of 1/, while those of odd root functions resemble that
of ¥z

As n increases, the graph of /T becomes steeper near 0 and flatter for z > 1.

30. (a) The functions y = 1/z and (b) The functions y = 1/z? (c) The functions y = 1/x,y = 1/,
y =1/’ y=1/candy = 1/27
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The graphs of all functions of the form y = 1/z" pass through the point {1,1).

If 72 is even, the graph of the function is entirely above the z-axis. The graphs of 1/z™ for n even are similar
to one another.

If n is odd, the function is positive for positive = and negative for negative z. The graphs of 1/ for n odd
are similar to one another.

As n increases, the graphs of 1/z™ approach 0 faster as x — oo.

31. f(z) = &* + cz® + z. If ¢ < O, there are three humps: two minimum

points and a maximum point. These humps get flatter as c increases,
until at ¢ = 0 two of the humps disappear and there is only one

minimum point. This single hump then moves to the right and

approaches the origin as c increases.

32. f(x) = V14 cz?. If e < 0, the function is only defined on
[-1/v/=c,1/+/=c],and its graph is the top half of an ellipse. If
¢ = 0, the graph is the line y = 1. If ¢ > 0, the graph is the top half

of a hyperbola. As ¢ approaches 0, these curves become flatter and

approach the line y = 1.

3. y = 2"2 *. As n increases, the

maximum of the function moves further
from the origin, and gets larger. Note,

however, that regardless of n, the

function approaches 0 as x — 0.

3.y = & The “bullet” becomes broader as ¢ increases.

Vvec— 2

35, ¥ = cx® + 2?

If ¢ < 0, the loop is to the right of the origin, and if ¢ is positive, it is
to the left. In both cases, the closer ¢ is to 0, the larger the loop is.

(In the limiting case, ¢ = 0, the loop is “infinite”, that is, it doesn’t

close.) Also, the larger |¢| is, the steeper the slope is on the loopless

side of the ongin.
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36. (a) y = sin{y/T) (b) y = sin(z?)
This function is not periodic; it oscillates This function oscillates more frequently as || increases.

less frequently as z increases. Note also that this function is even, whereas sin z is odd.

1.5 1.5

A
[AVAAVA

-15 =15

37. The graphing window is 95 pixels wide and we want to start with z = 0 and end with = = 2. Since there are 94

27m—0
94

=0+ %% -n,wherenn = 0,1, 2,...,93, 94. For y = sin 2z, the actual points piotted by the calculator are

“gaps” between pixels, the distance between pixels is . Thus, the z-values that the calculator actually plots are

(22 -n,sin(2- 2% . n)) forn = 0,1, ..., 94. For y = sin 96z, the points plotied are (23 -n,sin(96 - £ . n))

forn=0,1,...,94. But
sin(96 - 32 - n) =sin(M-2Z . .n+2 25 .n) =sin(2m +2- 2 - n)
=sin(2- 2 -n)  |by periodicity of sine], n=0,1,...,94

So the y-values, and hence the points, plotted for ¥ = sin 96z are identical to those plotted for i = sin 2z.
Note: Try graphing y = sin 94z. Can you see why all the y-values are zero?

38. As in Exercise 37, we know that the points being plotted for y = sin45z are (£ - n,sin(45 - 27 - n)} forn = 0,
1,...,94. But

sin(15- 3 -n) = sin(47- 2 n—2. 2% n) = sinfnr —2- 3 -n)

= sin(nm) cos{2- £ - n) — cos(nw)sin(2- 2% . n) [Subtraction formula for the sine]

=0-cos(2- 2 .n) — (£1)sin(2- & -n) = +sin(2- L& -n), n=0,1,...,9

So the y-values, and hence the points, plotted for y = sin 45z lie on either ¥ = sin 2z or y = — sin 2x.

1 Review

CONCEPT CHECK

1. {a) A function f is a rule that assigns to each element z in a set A exactly one element, called f(x), in a set B. The
set A is called the domain of the function. The range of f is the set of all possible values of f(z) as x varies
throughout the domain.

(b) If f is a function with domain A, then its graph is the set of ordered pairs {{z, f(z)) | z € A}.
(c) Use the Vertical Line Test on page 17.

. The four ways to represent a function are: verbally, numerically, visually, and algebraically. An example of each is
given below.
Verbally: An assignment of students to chairs in a classroom (a description in words)
Numerically; A tax table that assigns an amount of tax to an income (a table of values)
Visually: A graphical history of the Dow Jones average (a graph)
Algebraically: A relationship between distance, rate, and time: d = r¢ (an explicit formula)
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3. (a) An even function f satisfies f(—z) = f(z) for every number  in its domain, It is symmetric with respect to
the y-axis.
{b} An odd function g satisfies g(—x) = —g(z) for every number x in its domain. It is symmetric with respect to
the origin.
4. A function £ is called increasing on an interval I if f(z;) < f{(z2) wheneverz; < xzinl.

5. A mathematical model is a mathematical description (often by means of a function or an equation) of a real-world
phenomenon.

6. (a) Linear function: f(z) =2z + 1, f(x) =ax +b .
(b) Power function: f(z) = z*, f(z) = z° g(x}=x2\
(¢) Exponential function: f(x) = 2%, f(z) = a”
(d) Quadratic function: f(x) =% + = +1,
f(z) =az® +bx +c
(e) Polynomial of degree 5: f(x) = z° + 2

(f) Rational function: f{z) = ;—_Tt—z flz) = g—%i—; where

P(z) and Q(x) are polynomials

1]
&
=1
-

. (a)

Y
P
2

. (a) The domain of f + g is the intersection of the domain of f and the domain of g; thatis, AN B.
{b) The domain of fg is also AN B.
(c) The domain of f/g must exclude values of z that make g equal to 0; that is, {x € AN B | g(z) # 0}.
. Given two functions f and g, the compoesite function f o g is defined by (f o g) (z) = f(g (z)). The domain of
f o g is the set of all z in the domain of g such that g(z) is in the domain of f.
. (a) If the graph of f is shifted 2 units upward, its equation becomes y = f(x} + 2.
(b) If the graph of f is shifted 2 units downward, its equation becomes y = f(z) — 2.
(¢) If the graph of  is shifted 2 units to the right, its equation becomes y = f(z — 2).
{d) If the graph of f is shifted 2 units to the lefi, its equation becomes y = f(z + 2).
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(e} If the graph of f is reflected about the z-axis, its equation becomes y = — f(z).

(f) If the graph of f is reflected about the y-axis, its equation becomes y = f(—~=z).

(g} If the graph of f is stretched vertically by a factor of 2, its equation becomes y = 2f(z).

(h) If the graph of f is shrunk vertically by a factor of 2, its equation becomes y = % f(z).

(i) If the graph of f is stretched horizontally by a factor of 2, its equation becomes y = f (%):r:.

(j) 1f the graph of f is shrunk horizontally by a factor of 2, its equation becomes y = f(2z).

1. False.

2. False.
3. False.

4, True.

5. True.

6. False.

TRUE-FALSE QuIZ
Let f(x) = x°, 5 = —1,and t = 1. Then f(s + ¢} = (—=1+ 1) = 02 = 0, but

fl8)+ (1) = (—1)* + 12 =2 £ 0 = f(s +1).

Let f(z) = . Then f(—2) =4 = f(2), but —2 # 2.

Let f(x) = z*. Then f(3x) = (3x)* = 92% and 3f(x) = 32°. So f(3z) # 3f(z).

If £1 < x2 and f is a decreasing function, then the y-values get smaller as we move from left to right.
Thus, f(z1) > f{z2).

See the Vertical Line Test.

Let f(z} = x* and g(z) = 2. Then (f o g)(z) = f{g(x)) = f(2z) = (22)? = 42° and

(go )z} = g(f(z)) = g(2") = 22°. S0 fog # go f.

EXERCISES

1. (a) When z = 2,y = 2.7. Thus, f(2) = 2.7.
(b) f(z) =3 = =r=~23,56
{c) The domain of f is —6 < z < 6, or [--6, 6].
(d) The range of fis -4 <y < 4.0r[—4,4].

(e) f is increasing on [—4,4|, thatis, on —4 < z < 4,

(f) f is odd since its graph is symmetric about the origin,

2. (a) This curve is not the graph of a function of x since it fails the Vertical Line Test.

(b} This curve is the graph of a function of z since it passes the Vertical Line Test. The domain is [—3, 3] and the

range is {—2, 3].

3 (a)

{b) From the graph, we see that the distance
traveled after 4.5 seconds is slightly less
than 150 feet.

d . yield
150

100
- 50

0 0 fertilizer

There will be some yield with no fertilizer, increasing
yields with increasing fertilizer use, a leveling-off of
yields at some point, and disaster with too much

fertilizer use.
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GHAPTER1 RAVIEW © &

5, f(z) = v4 — 322, Domain: 4 — 3z* >0 = 3> <4 = @ <: = |a:|§%.Range:y20and
y<vid = 0<y<2

1

vk Domain: z +1# 0 = x # —1. Range: all reals except O (y = 0 is the horizontal asymptote
T

- g(r) =
for g

.y =1+ sinz. Domain: R. Range: —1 <sinz <1 = 0<1l+sinr<2 = 0<y<2

. y = tan2z. Domain: 2z # £ + mn = z # § + §n. Range: the tangent function takes on all real values, so
the range is R.

. {a) To obtain the graph of y = f(x) + 8, we shift the graph of ¥ = f(z) up 8 units.
(b) To obtain the graph of 4 = f(z + 8), we shift the graph of y = f{z) left 8 unils.

(¢) To obtain the graph of y = 1 4 2f(z), we stretch the graph of y = f(z) vertically by a factor of 2, and then
shift the resulting graph 1 unit upward.

(d) To obtain the graph of y = f{x — 2) — 2, we shift the graph of y = f(x) right 2 units (for the *—2" inside the
parentheses), and then shift the resulting graph 2 units downward.

(e) To obtain the graph of y = — f(z), we reflect the graph of 4 = f(z} about the z-axis.
(f) To obtain the graph of y¥ = 3 — f{x), we reflect the graph of y = f(x) about the z-axis, and then shift the
resulting graph 3 units upward.
. {a) To obtain the graph of y = f(z — 8), we {b) To obtain the graph of y = — f(z)., we reflect the
shift the graph of y = f(z) right 8 units. graph of y = f{x) about the z-axis.

(¢) To obtain the graph of y = 2 — f{x), we (d) To obtain the graph of y = 1 f(z) — 1, we shrink
reflect the graph of ¥ = f(xz) about the the graph of y = f(x) by a factor of 2, and then

x-axis, and then shift the resulting graph 2 shift the resulting graph 1 unit downward.

units upward.
y

+
+

\;: |

oN | *

s

11. y = - sin 2z: Start with the graph of y = sin x, compress horizontally by a factor of 2, and reflect about the z-axis.

¥ ¥ y
y=sinx y=sin 2x = —sin2x
N AN NI AN AN /J A
v \_/]0 ~ * N \J \ﬁo A N/« \V RV OF./ N Nx
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12. y = (= — 2)%: Start with the graph of y = z” and shift 2 units to the right.

1)

0

2

(x—2¥

1B.y=1+ %m?’: Start with the graph of y = z*, compress vertically by a factor of 2, and shift | unit upward.

Y 1 ¥

| ¥
y=75+1 _/

1

14, y = 2 — /7: Start with the graph of y = \/Z, reflect about the z-axis, and shift 2 units upward.

- ‘

2 /-
y=2—-yx
X

1
15 f(z) = :E—-l-2: Start with the graph of

F{x) = 1/z and shift 2 units to the left,

=

On (—oc, 0}, graph y = 1 + x (the line with slope 1 and

. f 1+x ifz<O
. flx) =
() 1+z? ifz>0

y-intercept 1) with open endpoint (0, 1).
On [0, 20). graph y = 1 + x* (the rightmost half of the parabola
y = z” shifted 1 unit upward) with closed endpoint (0, 1).

17. (a) The terms of f are a mixture of odd and even powers of x, so f is neither even nor odd.

(b The terms of f are all odd powers of . so f is odd.
(©) f(—x) = cos((—2)?} = cos(z?®) = f(z),so f is even.

(d) f{—z) = 1+sin{—z) = 1 —sinz. Now f(—z) # f(z) and f(—z) # —f(x), so f is neither even nor odd.
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_1_+ 5= —2, and an equationisy — 0 = —2(z + 1)

or, equivalently, y = —2z — 2. The circle has equation z? 4+ y* = 1; the top half has equation y = /1 — x4
2 -2 f —2< < -1

vi-z2 if -l<z<l

18. For the line segment from (—2, 2) to (—1, 0), the slope is

(we have solved for positive y.) Thus, f(z) = {

, f(z) = vz, D =10,00); g(x) = sinz, D = R.
(f o g)(z) = flg(x)) = f(sinz) = Vsinz. For v/sin x to be defined, we must have sinx > 0 & rel0mn],
[27, 37, [—2m, — =], [4r, 57, [~4w, —37],...,s0 D = {z | = € [2nm, 7 + 2n7], where n is an integer}.
(go f)(z) = g(f(z)) = g(v/x } = sin+/x. x must be greater than or equal to 0 for /T to be defined, so
D ={0,00).

(fo f)(x) = f(f(2)) = f(vZ) = VVz = ¥z. D =[0,0).

(gog)(z) = g(g(z)) = g(sinz) = sin(sinz). D = R.
. Let h(x) = z + /=, g(z) = v/, and f(z) = 1/z. Then (f o g o h)(z) = —-———,—i = = F(z).

e

. The graphs of f(z) = sin™ x, where n is a positive integer, all have domain R. For odd n, the range is [~1, 1] and
for even n, the range is [0, 1]. For odd n, the functions are odd and symmetric with respect to the origin. For even n,
the functions are even and symmetric with respect to the y-axis. As n becomes large, the graphs become less
rounded and more “spiky.”

flx)=sin"x

22. (a) Let x denote the number of toaster ovens produced in one

ek and tho "ated cost Using the poi 12,000 1
cono w0800 "Pe 1 Gt ziea CHHD 1 Te @ b
9000 +

60001

30001

500 1000
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9. For £ = 1, the definition of a limit requires that we find & such that f(él +x— 3:63) — 2’ <1l &
1 <4+ z—32% < 3whenever 0 < |z — 1| < &. If we plot the graphs of y = 1,y =4+ 2 — 3z andy = 3on
the same screen, we see that we need 0.86 < z < 1.11. So since [1 — 0.86] = 0.14 and |1 — 1.11]| = 0.11, we
choose & = 0.11 (or any smaller positive number). For ¢ = 0.1, we must find § such that
[(4+z-32") -2/ <01 & 1.9<4+z- 3z° <2.1 whenever0 < |z — 1| < 6. From the graph, we see
that we need 0.988 < = < 1.012. So since {1 — 0.988| = 0.012 and |1 — 1.012] = 0.012, we choose § = 0.012

(or any smaller positive number) for the inequality to hold.

102

10. For e = 0.5, we need 1.91 < z < 2.125. So since |2 — 1.91| = 0.09 and |2 — 2.125] = 0.125, we can take
0 <6 <0.09. Fore = 0.1, we need 1.980 < 2.021. So since |2 — 1.980| = 0.02 and |2 — 2.021| = 0.021, we

can take 6 = 0.02 (or any smaller positive number).

T
24+ 1) (xz—1)
0.93 <=z < 1.07. Sosince {1 — 0.93| = 0.07 and

(1 —1.07] = 0.07, we can take § = 0,07 (or any smaller positive

11. From the graph, we see that

5 > 100 whenever

number).

08 . 1.2
0

12. For M = 100, we need —0.0997 < = < 0or 0 < z < 0.0997. Thus, we choose § = (0.0997 (or any smaller
positive number) so that if 0 < |z| < §, then cot? z > 100.

200 y=cot’x

2 : :
=—0.0%97 0 =009%7
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For M = 1000, we need —0.0316 < x < 0 or 0 < = < 0.0316. Thus, we choose § = 0.0316 (or any smaller
positive number) so that if 0 < |z| < &, then cot® z > 1000.

0.0316

13. () A=7mrland A = 1000ecm?® = 7r? =1000 = =100 o

p= /10 >0 x17.8412cm.

(b) [A-1000/ <5 = -5<ar?—1000<5 = 1000-5<7r® <1000+5 =

JEE < < J108 o 17,7966 < r < 17.8858. (/320 - /2% x 0.04466 and

/1008 /1000 ~ 0.04455. So if the machinist gets the radius within 0.0445 cm of 17.8412, the area will be
within 5 cm? of 1000,

() z is the radius, f(z) is the area, a is the target radius given in part (a), L is the target area (1000), £ is the
tolerance in the area (5), and & is the tolerance in the radius given in part (b).

,(a) T = 0.1w? + 2155w+ 20and T = 200 = 202 (°C)
'd
0.1w? + 2.155w 4+ 20 = 200 = [by the quadratic formula or T =201 /
from the graph] w = 33.0 watts (w > 0)

35
(watts)

(b) From the graph, 199 < T < 201 = 32.80 <w < 33.11.

fc) x is the input power, f(z) is the temperature, a is the target input power given in part (a), L is the target
temperature (200), £ is the tolerance in the temperature (1), and 4 1s the tolerance in the power input in watts
indicated in part (b} (0.11 watts),

15. Given £ > 0, we need & >> 0 such that if 0 < |z — 1| < &, then
(2z+3)—5| <e But|(2z+3)-5|<e & [22-2|<c¢
o 2z-1<e & |z—1|<e/2 Soif wechoose § =¢/2,
then0 < |z — 1] <& = |{2x+3)— 5] < &. Thus,

liml(2:c + 3) = 5 by the definition of a limit.
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16. Given £ > 0, we need § > 0 such that if 0 < |z — (—2)| < &, then
|(3z +3) -2| <e. But[(%:ﬂ+3)—2| <e &

Rlz+1l)<e & jlz+2/<e & |or—(-2)] <2.80if

we choose § = 2¢,then0 < |z — (=2)| < § =

|(3z +3) — 2| <& Thus, xlirtjz(%:r + 3) = 2 by the definition of a

limit.

. Given € > 0, we need 6 > 0 such that if 0 < |z — (—3)] < 6, then
(1-4z)— 13| <z But|[(1—4z)—13| <&
-4z 12| <e & |-A|l|lz+3<e & [z-(=3)<e/4
Soif wechoose § = e/4,then 0 < |z — (-3){< 6 =
[(1 —4z) — 13| < &. Thus, z[i_,nf3(1 — 4z) = 13 by the definition of

a limit,

. Given £ > 0, we need 6 > O such thatif 0 < |z — 4| < §, then
(T —3x)— (-8)| < e Butf{7T—3z)— (-5} <e &
(—3rx+12[<e & |-3||lr—4{<e & |r—4 <e/3.50
if we choose § = ¢/3,then0 < [z —4| < é =
I(7 — 3z) - (—5)] < e. Thus, a]cig};(? — 3z) = —5 by the definition

of a limit.

19. Given e > (0, we need § > O suchthat if 0 < |z — 3| < &, then §—§‘<s & tz-3l<e &

|z — 3| < 5e. Sochoose § =5e. Then0 < |z -3|<é = |z—-3| <5 = @<5 =

—%}<E. Bythedeﬁnitionofalimit,gl}iiz}ig:g,
20. Given ¢ > 0, we need 6 > O suchthatif 0 < [z — 6] < 6. then [(2 +3) - 5| <e & |2-2
Llz-6/<e & |z—6]<4e. Sochoose§ =4e. Then0 < |z -6 <6 = |r—6]<de =

|z — 6]

1 <E = |%—g|<s = |(§+3)A%|<5.Bythedeﬁnitionofalimit,ilmﬁ(f+3):5—2’.

- 21, Givene > 0, weneed § > O such that if 0 < |z ~ {—5)| < 8, then [{4— 32z) - 7| < «
—3z-3l<e & Zz+5/<e & |o—{(-5)| < fe Sochoose§ = e Then|z — (-5)| <6 =

|(4- 2z} — 7| < e. Thus, lim_(4 - 22) = 7 by the definition of a limit.
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2 +z—12

22. Givene > 0, we need § > O such that if 0 < |z — 3| < 8, then o

- 7‘ < e. Notice that if 0 < |z — 3|,

2 e
then z # 3, so T 3 12 = (E+4}(g; 3) = x + 4. Thus, when 0 < |x — 3|, we have
x— T —

2 +r-12
z—3

—7‘<E & |(z+4)-T<e & |r—3/<e Wetaked =candseethat 0 < |z —3| <6

2 _ 2 ~1
o |EEz=12 o) By the definition of a limit, lim S 1212 _ 7.
r—3 z—3 xr—3

. Given ¢ > 0, we need & > O such that if 0 < |z — a| < é, then [z — a| < &. S0 & = £ will work.

. Given ¢ > 0, we need § > 0 such thatif 0 < |z — a| < &, then |c - ¢| < £. But |¢ — ¢| = 0, so this will be true no -
matter what é we pick.

. Given e > 0, we need § > O such that if 0 < [z — 0| < §, then |sr:2 70| <eg o rl<e <« lr|< /e Take

§= /€ Then0 < |z -0/ <& = |27 -0] <e Thus, lim 2 = 0by the definition of a limit.
& —

. Given & > 0, we need 8 > 0 such thatif 0 < & — 0] < &, then |27 — 0| < ¢ & lz® <e o |z < IE
Take § = ¥e. Then0 < |z — 0| <& = |a:3 ~ 0| < 8* = &. Thus, lin}) z® = 0 by the definition of a limit.
T

. Giveng > 0, weneed § > O such that if 0 < |z — 0] < 6, then ||z| — 0] < &. But ||z|} = |x|. So this is true if we

pick § = . Thus, limD |z] = 0 by the definition of a limit,

.Given£>0,weneed6>OsuchthatifQ—é<:1:<9,then|\‘/9u:c-0|<5 & M_rce o
9-z<e! & 9-ef<z<9 Sotakebd=ec". Then9-6<z<9 = |¥9—z-0]<e Thus,
lim /9 —z = 0 by the definition of a limit.

z—8~
. Given e > 0, we need § > 0 such that if 0 < |& —~ 2| < &, then |(z® — 4z +5) — 1| <¢ &
|2 —dz+4| < & |(:1:—2)2|<E.Sotake6:\/E.Then0<|:r—2|<6 e l[z-2<e &
|(z — 2)%| < &. Thus, lim (z® — 4z + 5) = 1 by the definition of a limit.
r—

. Givene > 0, we need § > 0 such that if 0 < |z — 3| < &, then |(z* +z—4) - 8| <¢ & |:r,2+:r:—-12|<sj
& {z—3}z+4)] <e Noticethatif |z — 3} < lL,then-1<z-3<1 =

6<z+4<8 = |z+4 <8 Sotaked =min{l,e/8} Then0 < iz —-3| < <«

|(z — 3)(z+4)| <{8(z — 3)| =8|z — 3] < 86 <. Thus, Jll_)m3 (z® + = — 4) = 8 by the definition of a limit.

. Given & > 0, we need § > 0 such that if 0 < |z — (—2)] < &, then |(z® — 1) — 3| < & or upon simplifying we
need |z — 4| < & whenever 0 < |z 4 2| < . Notice thatif [z + 2| < Lithen—1 <z +2<1 =
—5<x—-2<-3 = |z-2/<5 Sotakeé =min{e/5,1}. ThenO< |z +2|<é = |z—2|<5and
x+2| <e/5,50]|(z* = 1) = 3| = |{z + 2)(x — 2)| = |z + 2| |z — 2| < (/5)(5) = <. Thus, by the definition

of atimit, lim_(z*—1) =3.
T— 2

. Given € > 0, we need § > 0 such that if 0 < |z — 2| < &, then |z” — 8| < . Now
|2 — 8] = [(z — 2)(2® + 2z + 4)|. If |z — 2| < 1, thatis, 1 <z <3,thenz?+22x+4 < 3*+2(3) +4=19"
andso |z° — 8 = |z — 2| (z* + 2z + 4) < 19|z — 2. Soif we take § = min {1, 5}, then
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0<|z—2/<é = |2°-8|=|z—2|(z* +2z+4) < 519 = &. Thus, by the definition of a limit,

lim z* = 8.
rx—2

. Givene > 0, weletd =min {2,£}. WO < |z - 3| < theniz-3| <2 = -2<r-3<2 =
4<z+3<B = |r+3/ <8 Also|r—3|<£,50]z> -9 = |z +3||z—3 <8 § =e. Thus,

lim % = 9.
r—3

. From the figure, our choices for § are §; = 3 — /9 — e and

&2 = /9 + € — 3. The largest possible choice for & is the minimum

value of {81, 82}; thatis, § = min{é1,82} = é2 = v9+¢e—3.

. {a) The points of intersection in the graph are (z1,2.6) and (z3, 3.4)

with 21 =~ 0.891 and 2 =~ 1.093. Thus, we can take & to be the

smallerof 1 — z; and o — 1. S0 6 = 22 — 1 = 0.093.

(b) Solving z® + z + 1 = 3 + £ gives us two nonreal complex roots and one real root, which is
(216 + 108¢ + 12/336 + 324e + 812 )*/° - 12
z(e) = T Thus, § = z(e) — 1.
6 (216 + 108 + 12v/336 + 324¢ + 81e? )

(c) If e = 0.4, then z(£) = 1.093272 342 and § = z(e) — 1 ~ 0.093, which agrees with our answer in part (a).

. 1. Guessing a value for § Let ¢ > 0 be given. We have to find a number 4 > 0 such that % - %’ < & whenever

0<|z-2 <é But 1_4_j2==_ e = 2] < €. We find a positive constant C such that L <C =
2 2 12z |2z|
|z —2|

Toa < C'|z — 2| and we can make C |z — 2| < & by taking |z — 2| < £ = 6. We restrict = to lie in the

C

. 1 1
interval [z — 2| <1 = 1<z<3sol>->- = <
xr

suitable. Thus, we should choose & = min {1, 2¢}.
2. Showing that 6 works  Givene > Oweletd = min {1,2¢}. If 0 < |z — 2{ < §,thenjz — 2| <1 =

1 1, . 1 1 lz—2] 1 .
- ) - ,80 |~ — =| = — -2 = ¢. This sh
l<z<d = 12:L_|<2(:1s1npartl) Also |2 — 2{ < 2¢, 50 5 2] < 5 - 2 = ¢. This shows

that lim (1/x) = 3
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37. 1. Guessing a value for § Given & > 0, we must find § > 0 such that |/ — v/a| < € whenever
0 < |z —a| < &.But |z —+a| = \/_ \/_ < € (from the hint). Now if we can find a positive constant (' such

|z — g |z — @]
VT +/a C

restricting  to Jie in some interval centered at . If [z — a| < Ja,then —fa <z —a < ja = je<z< 3a

< &, and we take |z — a| < C'e. We can find this number by

that /7 + \/a > C then

= Vz+va>/ia+a andsoC = /3a+ aisasuitable choice for the constant. So

|z —al < (\/_;-I-\/_)e This suggests that we let & = mm{ (\/_aﬁ-\/_) }

2. Showing that 6 works  Givene > 0, welet § = mm{ (\/2a+ \/_) } If0 < |x —a| < 4§, then
|z —a|l < 3a = ﬁ+ﬁ>1/%&4—\/E(asinpartl).Alsolz—a|<(\/%a-k\/c_z)s,so

o—al__ (Vo724 Va)e
VEHVA T (/aTE+ Va)

Wz — va|= = ¢. Therefore, lim \/z = \/a by the definition of a limit.
T—n0

. Suppose that zin}) H(t) = L. Givene = 3, there exists § > Osuch that 0 < [t| < § = [|H({t) — L| < i e

L-1<H{t)<L+iFor0<t<8H{t)=lsol<L+3j = L>L For-6<t<0 H(t)=0,50

IL—1«0 = I <2 Thiscontradicts L. > 1. Therefore, lim H (¢} does not exist.
2 2 3 im

. Suppose that lim f(z) = L. Givene = 1, there exists § > Osuchthat 0 < |z{ < & = |[f(x) — L] < 3. Take

any rational number r with 0 < |r| < &. Then f(r) = 0,500 — L| < &, s0 L < |L| < §. Now take any irrational
number s with 0 < |s| < 6. Then f(s) = 1,s0 |1l — L| < 1. Hence,1 - L < 3,50 L > 1. This contradicts

L<3,s0 ll_% f(z) does not exist.

. First suppose that lim f{z) = L. Then, given ¢ > 0 there exists § > Osothat 0 < |z —a| <é =
[flz) — L] <eThena—é<z<a = 0<|z—a|<éso|f(x) - L] <e Thus, lim f(z)=L. Also
a<zr<at+d = 0<\:r—ai<650|f(:z)—L|<E.Hence, Iim flz)=

Now suppose lim f(z) =L = hm f(z). Lete > Obe given. Since lim f(x) = L, there exists 61 > 050

T I—*ﬂ TG

thata — 6, <x <a = |f(z)— L| <e. Since hm f(z) = L, there exists 8 > Osothata < < a + b2

T-—\a

= |f(x) — L| < €. Let § be the smaller of §; and 82. Then0 < [z —¢a| < é§ = a-b <z <aor
a<x<a+dso|f(x) - L| <e Hence, lim f(z) = L. So we have proved that lim f(z) =L <

lim f(z) =L = lim_f(a).

Ex—a z—at

1
N —— >10000 & (z+3)°'< s |jo+3l< e 3)|<110

(z + 3)3 10,000

1
+'10,000
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42. Given M > 0, weneed 6 > Osuchthat0 < jx 4+ 3| <& = 1/(x +3)* > M. Now

1 1
4
< — & |lzr+3 < —-—.8So0take b =
M | | M VM

1 1
—_— 1,50 i =
{z+3) >ﬂr’50zin}3 (x+3)4 o

(x+3) .Then0 <jz+3j<é=

4

5
3. Let N < 0be given. Then, for x < —1, we have 7 <N
(z+1)

§=—\34‘%.Then—1—§<:c<—1 = \3.‘—1,5\7<I+1<0 =

. 5
lm 7 =
r——1- (ZE + 1)

44. (a) Let M be given. Since lim f(z) = oo, there exists &1 > Osuchthat 0 < |z —a| < b1 =

flx) > M +1 — ¢ Since lim g{x) = c, there exists §2 > O suchthat 0 < |z —a| < f2 = |g(z)—¢/ <1
= g(z) » ¢ — 1. Let & be the smaller of §; and ;. Then0 < |x —a| < § =
flaz)+glx) > (M +1—c) +{c— 1) = M. Thus, lim [f(z) + g(x)] = 0.

{b) Let M > 0 be given. Since lim g{x) = ¢ > 0, there exists 6; > Osuchthat0 < |z —a| < 61 =
lg(z) —¢c| <e/2 = g{z) > ¢/2. Since lim f(x)} = oc, there exists 62 > O such that 0 < |z — af < 82
T—a

= f(z) > 2M/ec. Leté =min{é;,62}. Then0 < |z —a| <6 = f(x)g(z) > g—? g =M, so
lim f(x) g() = o0. ’

{c) Let N < 0 be given. Since :1151}1 g{x) = ¢ < 0, there exists &7 > Osuch that0 < |z —a| < 6; =
lglz) — | < —¢/2 = ¢(x) < c/2. Since ll_rg J(x) = oo, there exists &2 > O such that 0 < |z — a| < 62
= f{z) > 2N/c. (Notethatc < 0and N <0 = 2N/c > 0.) Leté6 = min{é;,82} Then

2N ¢

£ = N.so lim f(z)g(z)= ~ox.

O<|z—al<é = flx)>2N/c = flz)g(z) < i

2.5 Continuity

1. From Definition 1, lin}l flz) = f4).
xT—

2. The graph of f has no hole, jump, or vertical asymptote.

3. (a) The following are the numbers at which f is discontinuous and the type of discontinuity at that number:
—4 (removable), —2 (jump). 2 ( jump}, 4 (infinite).

{by f is continuous from the left at —2 since lim f({x) = f(—2). f is continuous from the right at 2 and 4 since

z——=2"
lim f(x)= f(2)and lim f{z) = f(4). Itis continuous from neither side at —4 since f(—4) is undefined.

2™ r—4t

4, g is continuous on [-4, -2}, (—2,2), [2,4), (4,6), and (6, 8).
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B. The graph of y = f(z) must have a discontinuity
at £ = 3 and must show that lim f(z) = f(3).
x—3"

nd ]§3°5§ (b) There are discontinuities at times¢ = 1,2, 3, and 4. A
mn doliars
person parking in the lot would want to keep in mind

that the charge will jump at the beginning of each hour.

(in hours}

8. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any
instantaneous jumps from one temperature to another.

(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City
increases, without any instantaneous jurnps.

(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump
from one height to another without going through all of the intermediate values-—at a cliff, for example.

{d) Discontinuous; as the distance traveled increases, the cost of the ride jumps in small increments.

(e) Discontinuous; when the lights are switched on {or off }, the current suddenly changes between 0 and some
nonzero value, without passing through all of the intermediate values. This is debatable, though, depending on
your definition of current.

, Since f and g are continuous functions,
ll_Ig [2f(z) —g(x)] =2 }4111}5 f(z) - ;lll]}i g{x) [by Limit Laws 2 and 3]
=2f(3) —g(3) [by continuity of f and g at £ = 3]
=2-5-g(3) =10 - ¢(3)
Since it is given that ili.% 2f{z} — g(x)] = 4, we have 10 — g(3) = 4,50 g(3) = 6.
lim f(x) = lim («* + V7~ 7) =imx2+mz42+mﬂﬁ+\/§=f(4).

By the definition of continuity, f is continuous at a = 4,

4
. Ilirgl flx) = Il_i.n—ll (a:+2a:3)4 = ( l_i’n_llm-l— 2 lim :173) =[-1+ 2(—1)3]4 =(-3)* =81 = f(-1).

r—-—-1

By the definition of continuity, f is continuous at ¢ = —1.

limz+ lim 1
. - r+1 z—4 z—4 4+1 3 : .
: — - - = 2 _ g(4).Sogis 4
limgle) = m o = S - im1 ~ 2@z —1 31 9(4)- Sogis continuous at

r—d r—4
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lim (2z + 3) 2 lim  + lim 3

N . 2:3 + 3 T3 . . r—a T-—a
N = = 5 . — T
13. Fora > 2, we have il_r& flz) I11_r’r€1l — e [Limit Law 5] T T

T—a r—a r—a

[1,2,and 3] = 2;_+23 [7and 8] = f(a). Thus, f is continuous at = a for every a in (2, 0c); that is, f is

continuous on (2, 0o},

14. Fora < 3,wehave llm g{z}) = lim 23 -2z =2lm 3 —z [LimitLaw3] =2 /lim{(3—-x) [!1]

r—

=2 /lim3—limz [2] =2v3—a [7and8] = g(a),so g iscontinuous at z = a for every a in

xr—a T—i2

(—00,3). Also, lim g(z) = 0 = g(3), so g is continuous from the left at 3. Thus, g is continuous on {—oc, 3].
r—3-

15. f{z)=— - _1 % is discontinuous at 1 since f(1) is not defined.

1/(x—=1) ifzx#1
16. f{z) — 0 " ) is discontinuous at ] because
if =

lim f(z) does not exist.

z—1

. fz) 1-2° ifz<l
. r} =
1/x if z>1

The left-hand limit of f ata = 1 is
lim f(z)= 11m7(1 — z%) = 0. The right-hand limitof f ate = 1

e—1- r—

is lim f(z} = hm (1/xz) = 1. Since these limits are not equal,

r—1t r—1+

hm1 S (z) does not exist and f is discontinuous at 1.
T—

2 —x
18.f(z)—{$21 ol
1 ifx=1
g . x{x—1
Jim f(0) = tim 557 = im S
e © 1
;H1x+1 2’
but f(1) = 1, so f is discontinous at 1.
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9. f(z) ={ «+3 ,
-5 fe=3 (75 fe=-3

So limsf(z) = xlirga(a: —4) = —Tand f(-3) = ~5.

T —

2
@’ —z-12 if ¢ # -3 {a:—4 if © # -3

Since lim3 f(z) # f(=3), f is discontinuous at —3.

1422 ifz<l
4—z ifz>1

(£) = lim (1+2*)=1+1"=2and

r—1—

()= lim (4-a)=4-1=3

Thus, f is discontinuous at 1 because lim1 JF(z) does not exist.
Tr—

F(z) = is a rational function. So by Theorem 5 (or Theorem 7}, F' is continuous at every number in

T
2 +5x+6
its domain, {z |z + 52+ 6 £0} = {z | (x +3)(z+2) #0} = {z |z # -3, —2}or
(7001 _3) U (——3’ _2) U (_25 OO)

. By Theorem 7, the root function /= and the polynomial function 1 + x> are continuous on R. By part 4 of
Theorem 4, the product G(z) = ¥z (1 + $3) is continuous on its domain, K.

. By Theorem 5, the polynomials 2% and 2z — 1 are continuous on (—oo, 00). By Theorem 7, the root function NZIT
continuous on [0, o). By Theorem 9, the composite function v/2z — 1 is continuous on its domain, [§, 00). By
part 1 of Theorem 4, the sum R(z) = z* + /2 — 1 is continuous on [£,00).

. By Theorem 7, the trigonometric function sin 2 and the polynomial function z + 1 are continuous on R. By part 5

of Theorem 4, h () = ;lj_ml is continuous on its domain, {z | z # —1}.

. By Theorem 5, the polynomial 1 — =* is continuous on (—oc, 00). By Theorem 7, cos is continuous on its domain,

R. By Theorem 9, cos(1 — z*) is continuous on its domain, which is R.

. By Theorem 5, the polynomial 2z is continuous on (—00, 00). By Theorem 7, tan is continuous at every number in
its domain; that is, {z | # #  + nn}. By Theorem 9, tan 2z is continuous on its domain, which is

{r|2z# 2 +an} ={z|z#Z+ In} (the odd multipies of Z).

. By Theorem 7, the root function /T and the trigonometric function sin z are continuous on their domains, [0, co)
and (—o00, co), respectively. Thus, the product F(z) = \/z sinz is continuous on the intersection of those domains,
[0, 00), by part 4 of Theorem 4.

. The sine and cosine functions are continuous everywhere by Theorem 7, s0 F' (z) = sin(cos(sin )), which is the
composite of sine, cosine, and (once again) sine, is continuous everywhere by Theoarem 9.
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1 . . .
10 y = ———— is undefined and hence discontinuous when
1+ sinz

l14+sint=0 & sinz=-1 & r=-3+2mm,nan

integer. The figure shows discontinuities for n = —1, 0, and 1; that

5 ™ 3
is, —— == —7.85, —— ~ —1. — == 4.71.
is, 3 7.85, 5 57, and 5 1

rrr

The function y = f(z) = tan /T is continuous throughout its domain because it is the composite of a

510

-5

trigonometric function and a root function. The square root function has domain [0, oo) and the tangent function has

. . . 2
domain {z | x # Z + wn}. So f is discontinuous when z < O and when z = L +7n = z=(§ +mn)",
where n is a nonnegative integer. Note that as 2 increases, the distance between discontinuities increases.

. Because we are dealing with root functions, 5 + 1/ is continuous on [0, 00), v/z + 5 is continuous on [—5, 00}, S0

5+ yE
vb+

the quotient f(z) = is continuous on [0, oo). Since f is continuous at x = 4, hm flz)=f4)=1.
. Because  is continuous on R, sin x is continuous on R, and = + sin x is continuous on R, the composite function
f{z) = sin{z + sinz} is continuous on R, so lim f(r) = f(n) = sin(r + sinw) = sinw = 0.
IX—m

(2) = 2 ifz<l
J(@)= VI ifz>1

By Theorem 5, since f(z) equals the polynomial = on (—o0, 1), f is continuous on (—oo, 1}. By Theorem 7,
since f{x) equals the root function \/z on (1,c0), f is continuous on (1,00). At = 1,
lim f(z) = lim z* =1and ]irn+ )= lim+ /T = 1. Thus, lim1 f(x) exists and equals 1. Also,
T—1" r—1 r—1 T—

T—1"

f(1) = +/1 = 1. Thus, f is continuous at x = 1. We conclude that f is continuous on (—oo, c0).

cosz if x> n/4

By Theorem 7, the trigonometric functions are continuous. Since f{z) = sinz on (—oo, 7/4) and f{z) = cosz on

-ﬂﬂ:{mm if o< /4

(w/4,00), f is continuous on (—oc, w/4) U (7r/4,oo) hm flz)= lim sinx=sinf = 1//2 since
(m/4}~ T—(m/4}~

the sine function is continuous at 7 /4. Similarly, lim f(z) = lim cosz =1/ /2 by continuity of the
z—(x/4)t e—(n /4t

cosine function at = /4. Thus, h(m/ 5 f(x) exists and equals 1/+/2, which agrees with the value f{r/4).
T—

Therefore, f is continuous at 7/4, so f is continuous on (—oc, oc).
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2 . ¥
14z if <0

3. fz)=¢2-2 fO0<z<2 0,2)
(x—2)% ifz>2 0. 1)

f is continuous on (—o0, 0), (0,2), and (2, 00) since it is a polynomial on 0| (2,'0)
each of these intervals. Now lim f(z) = lim (1+ 2"} =1and
z—0~

r—0~

lim f(z) = lim (2 — ) = 2, so f is discontinuous at 0. Since f(0) = 1, f is continuous from the left at 0.
z—0+ z—0+

Also, lim f(z)= lim (2—z) =0, lim+ flz) = 1im+($ —2)2 =0, and f(2) = 0, s0 f is continuous at 2.
T—2" r—2~ T2 z—2

The only number at which f is discontinuous is 0.

z+1 ifz<1
1/ ifl<z<3
ve—3 ifx>3

f is continuous on {—o0, 1), (1, 3}, and (3, oo}, where it is a polynomial, a

rational function, and a composite of a root function with a polynomial,
0
respectively. Now lim f{(z) = lim (z+ 1) =2and /
o—1" =17

lim flz) = lim (1/x) = 1, so f is discontinuous at 1.

Smce )= 2 f is continuous from the left at 1. Also, lim f(x) = lim (1/x) = 1/3, and

r—3- -—3~

X v — 3 =0 = f(3),s0 f is discontinuous at 3, but it is continuous from the right at 3.

z+2 ifz<0
 flz) = ifo<z<1
2—z ifa>1
f is continuous on {—oo, 0}, {0, 1), and (1, oo) since on each of these

intervals it is a polynomial. Now limi flx) = lim_(z +2)=2and

11m flz) = lnn 222 = 0, so f is discontinuous at 0. Since f(0) =0, f
—ot

z—0t

is continuous from the right at 0. Also lim f(z) = lim 2z° = 2 and

z—1— z—1"

lim f(z)= 1im+(2 —x) = 1, so [ is discontinuous at 1. Since
r—1

z—1t

f{1) = 2, f is continuous from the left at 1.

. By Theorem 5, each piece of F is continuous on its domain. We need to check for continuity at 7 = R.
. . GMr GM GM . GM .
rE[J‘IB]— F(r) = TEI}I{I_ T and rllrg F(r)= = gp %0 }EI}I{ F{r)= TR Since
GM

F(R)= R F is continuous at R. Therefore, F' is a continuous function of r.

. f is continuous on {—oo, 3} and (3, 00). Now lim f(z) = lim (ez+1) =3c+ 1and
z—3~ x—3~

lun flz)= llm (ex® — 1} =9¢c— 1. 80 fiscontinuwous & Be+l=9c—-1 & 6c=2 & ¢

Thus, for f to be continuous on (—00, 0¢), € = 3.
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80. The functions 2° — ¢? and cx + 20, considered on the intervals (—oo,4) and [4, 0o) respectively, are continuous

for any value of ¢. So the only possible discontinuity is at & = 4. For the function to be continuous at = = 4, the

left-hand and right-hand limits must be the same. Now lim g(x) = lim (22 - c2) =16 — ¢* and
r—4~ T—4~

lim g{z) = lim (cx +20) = 4c+20 = g(4). Thus, 16 — A =4c+20 & F+dc+4=0 =
r—4 x—4
c= -2

P2 - .

continuous on R and f(x) = g(x) for z # —2. [The discontinuity is removed by defining f(—2) = —6.]

discontinuity is not removable. (It is a jump discontinuity.)

has a removable discontinuity at —2 because g{z) = z — 41is

= lim f(z)=—1and lim+ f(z) = 1. Thus, limT f(z) does not exist, so the
T—T r=T T—

3 + 64 z+4)(z* -4z + 16
(0) flz) = = e+ )
z+4 x+4
g{x) = 2% ~ 4z + 16 is continuous on R and f(x) = g(x) for z # —4. [The discontinuity is removed by
defining f(—4) = 48.]
q_ _ 1
(dy flz) = 39 _\f = G- %)(ﬁ NeS has a removable discontinuity at 9 because g{x} = 315 is
1

continuous on R and f(x) = g(z) for z # 9. [The discontinuity is removed by defining f(9) =

has a removable discontinuity at —4 because

1
8

025 1 ol 025 | «x

f does not satisfy the conclusion of the f does satisfy the conclusion of the

Intermediate Value Theorem. Intermediate Value Theorem.

. f(x) = 2* — 2% + z is continuous on the interval [2, 3], £(2) = 6, and f(3) = 21. Since 6 < 10 < 21, there is a
number ¢ in (2, 3) such that f(¢) = 10 by the Intermediate Value Theorem,

. f(z) = 2% is continuous on the interval [1,2], f(1) = 1, and £(2) = 4. Since 1 < 2 < 4, there is a number ¢ in
(1,2) such that f(c) = ¢* = 2 by the Intermediate Value Theorem.

. f(z) = =" + = — 3 is continuous on the interval [1,2], f(1) = —1, and f(2) = 15. Since —1 < 0 < 15, there is a
number ¢ in (1, 2) such that f(c¢) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation
z* + = —~ 3 = 0in the interval (1, 2).

. f{z) = c + z — 1 is continuous on the interval [0, 1], f(0) = —1,and f(1) = 1. Since —1 < 0 < 1, there is a
number ¢ in (0, 1) such that f(c} = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation
Yr+xz—-1=0,0r ¥z =1z, intheinterval (0,1).

. f(z) = cosz — z is continuous on the interval [0, 1], f{0) = 1, and f(1} = cos1 — 1 == —0.46. Since
—0.46 < 0 < 1, there is a number ¢ in (0, 1) such that (¢} = 0 by the Intermediate Value Theorem. Thus, there is
a root of the equation cosz — x = 0, or cos ¢ = x, in the interval (0, 1).
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. f(z) = tanz — 2z is continuous on the interval [0, 1.4}, f (1) = tan1 — 2 =~ —0.44, and
F(1.4) = tan1.4 — 2.8 & 3.00. Since ~-0.44 < 0 < 3.00, there is a number c in (0, 1.4) such that f(c) = 0 by the
Intermediate Value Theorem. Thus, there is a root of the equation tan z — 2z = 0, or tan x = 2z, in the interval
(0,1.4).

. (a) f(z)} = sinz — 2 + x is continuous on [0, 2], f(0) = —2, and f(2) =sin2 ~ 0.91. Since —2 < 0 < 0.91,
there is a number ¢ in (0, 2) such that f{c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the
equationsinz —2+x =0, 0rsinz =2 — 1z, in the interval (0, 2).

(b) £(1.10) 2 —0.009 < 0 and f(1.11) ~ 0.006 >> 0, so there is a root between 1.10 and 1.11.

. (@) f(z) = 2° — £® + 2z + 3 is continuous on [—1,0], f{—1) = —1 < 0,and f(0) = 3 > 0. Since —1 < 0 <3,
there is a number ¢ in (—1,0) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of
the equation z° — z° + 2z + 3 = 0 in the interval (—1,0).

{(b) f{—0.88) =~ —0.062 < 0and f(—0.87) ~ 0.0047 > 0, so there is a root between —0.88 and —0.87.
(@ Let f(z) =2® —2® - 4. Then f(1) =1° =1 =4 = -4 < Oand f(2) = 2° —2* —4 =24 > 0. So by the
Intermediate Value Theorem, there is a number ¢ in (1, 2) such that f(e) = ¢® ~ c* —4 = (.

(b) We can see from the graphs that, correct to three decimal places, the root is = ~ 1.434.
25 1.5

| J g )"

-10 —0.5

1
. (a) Let f(z) =+ —5— o Then f(5) = —} < Oand f(6) = £ > 0, and f is continuous on [5, 50). So by

the Intermediate Value Theorem, there is a number ¢ in (5, 6) such that f(¢) = (1. This implies that

1
= — 5.
c+3 ¢

(b} Using the intersect feature of the graphing device, we find

that the root of the equation is x = 5.016, correct to three

decimal places.

. (=>) If f is continuous at a, then by Theorem 8 with g(h) = a + f, we have
lim f(a+h) = £(Jim (a + h)) = f(a)
(<)Llete > 0. Since ’llin}J flo+ ) = f(a), there exists & > Osuchthat0 < |A| < § =

If(a+h) — fla)] <& Soif 0 < [z —a| < é,then |f(x) ~ fla)] =|fla+ (z —a)) — fla)| <e.

Thus, lim f(z) = f(e) and so f is continuous at a.
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54. il_{nu sin{a + k) = rl;,l_-% (sinacosh + cosasinh) = il1111.1%) (sinacosh) + }gno (cosasinh)

= (lim sin a) (lim €08 h) + (lim cos a) (lim sin h)
h—0 h—0 h—0 k-0
= (sina}(1) + (cosa)(0) = sina
. As in the previous exercise, we must show that Ain}) cos(a + h) = cosa to prove that the cosine function is

continuous.
lim cos(a + £} = lim (cosacosh — sinasinh)
h—0 h—0

= lim {cosacosh} — lim (sinasin k)

h=s0 h—0
= (’1112}) cos a) (}gr{) cos h) — (}1:51) sin a) (lli% sin h)
= (cosa}(1) — (sina)(0) = cosa

. () Since f is continuous at @, im f(x) = f{a). Thus, using the Constant Multiple Law of Limits, we have

lim (cf }(z) = lim cf(z) = c lim F(z} = ef(a) = (cf ){a). Therefore, cf is continuous at a.

r—a

(b) Since f and g are continuous at a, lim f(z) = f(a) and lim g(x) = g(a). Since g(a) # 0, we can use the

lim f
Quotient Law of Limits: lim (5) ()= 311_1’1'11] ;Eg = Z;‘: ggg = ; Ezg = (g) (a). Thus, g is continuous

at a.

0 if z is rational ) ) )
x) = . is continuous nowhere. For, given any number ¢ and any 4 > 0, the interval
1 if z iy itrational

{a — §,a + &) contains both infinitely many rational and infinitely many irrational numbers. Since f{a) — O or 1,

there are infinitely many numbers & with 0 < |z —a| < § and | f (2} — f(a)| = 1. Thus, lim f(z) # f(a).

[In fact, lim f(z) does not even exist.]

0 if xisrational )
. gl{z) = S is continuous at 0. To see why, note that — |x| < g{x) < |z, so by the Squeeze
z if x is irrational

Theorem lin%] g{z) =0 = g{(0). But g is continuous nowhere else. Forif @ # 0 and & > 0, the interval

(a — &,a + &) contains both infinitely many rational and infinitely many irrational numbers. Since g(g) = 0 or a,

there are infinitely many numbers z with 0 < |z —a| < & and |g{z) — g(a)| > |a| /2. Thus, lim g(z) # g(a).

. If there is such a number, it satisfies the equation z° + 1 =2 <& 2® — 2+ 1 = 0. Let the lefi-hand side of this
equation be called f(x). Now f(—2) = —5 < 0,and f(—1) = 1 » 0. Note also that f(x) is a polynomial, and

thus continuous. So by the Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that

fle)=0,sothate =c? + 1.
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60. (a) ]im+ F(z)=0and lim F(z)=0,s0 lin}) F(z) = 0, which is F(0), and hence F' is continuous at z = a if
z—0 T—

r—0~

a=0.Fora >0, lim F(z) = lim ¢ = a = F(a). Fora <0, lim F(z) = lim(~z) = —a = F(a). Thus,

Fis continuous at £ = @ that is, continuous everywhere.

(b) Assume that f is continuous on the interval I. Then fora € I, lim |f(z}| = ‘lim f(x)' = |f(a}| by
r—a r—ao

Theorem 8. (If a is an endpoint of I, use the appropriate one-sided limit.) So | f| is continuous on I.

1 ifx>0
(¢) No, the converse is false. For example, the function f(z) = { L i 0 is not continuous at & = 0, but
-1 ife<

[f(z)} = 1is continuous on R.

. Define u(t) to be the monk’s distance from the monastery, as a function of time, on the first day, and define d(t) to
be his distance from the monastery, as a function of time, on the second day. Let D be the distance from the
monastery to the top of the mountain. From the given information we know that »(0) = 0, u(12} = D, d(0) = D
and d(12) = 0. Now consider the function u — d, which is clearly continuous. We calculate that (u — d)(0) = —D
and (u — d)(12) = D. So by the Intermediate Value Theorem, there must be some time to between 0 and 12 such
that (u — d)(to) =0 & u(to} = d{to). So at time £g after 7:00 A.M., the monk will be at the same place on

both days.

2.6 Tangents, Velocities, and Other Rates of Change

Ay _ flx) — f(3)

1. (a) This is just the slope of the line through two points: mpg = Ar o
T z-—

{(b) This is the limit of the slope of the secant line P( as ) approaches P: m = lim

r—3

As _ flat+h)—fla) _ flath) - fla)

At (a+h)-a h

fla+h)— f(a)
h

3. The slope at D is the largest positive slope, followed by the positive slope at E. The slope at C is zero. The slope at

2. (a) Average velocity =

(b) Instantaneous velocity = }llin%}

B is steeper than at A (both are negative). In decreasing order